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Theory of continuum percolation. III. Low-density expansion
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We use a mapping between the continuum percolation model and the Potts fluid~a system of interacting
s-state spins which are free to move in the continuum! to derive the low-density expansion of the pair
connectedness and the mean cluster size. We prove that given an adequate identification of functions, the result
is equivalent to the density expansion derived from a completely different point of view by Coniglio, DeAn-
gelis, and Forlani@J. Phys. A10, 1123 ~1977!# to describe physical clustering in a gas. We then apply our
expansion to a system of hypercubes with a hard core interaction. The calculated critical density is within
approximately 5% of the results of simulations, and is thus much more precise than previous theoretical results
which were based on integral equations. We suggest that this is because integral equations smooth out overly
the partition function~i.e., they describe predominantly its analytical part!, while our method targets instead the
part which describes the phase transition~i.e., the singular part!. @S1063-651X~97!07107-9#

PACS number~s!: 64.60.Ak
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I. INTRODUCTION

Two previous papers in this series@1#, hereafter referred
to as I and II, presented a general formalism of continu
percolation@2#, where the system consists of classical p
ticles interacting through a pair potentialv(rW i ,rW j ), such that
they can also bind~or connect! to each other with a probabil
ity p(rW i ,rW j ). Such a model is useful to describe microem
sions@3#, composite materials@4#, or some properties of wa
ter @5#. In this model, the clustering depends on the densitr
of the particles. As the density increases, so does the m
cluster sizeS. At a well defined critical densityrc , S di-
verges, which signals the appearance of an infinite clus
This is the percolation phase transition. Its critical behav
~i.e., the critical exponents! seem to be identical to the be
havior of lattice percolation~see, however, a recent work b
Okazakiet al. @6# which claims differently! but the percola-
tion threshold—the critical density—is sensitive to all t
details of the system.

The early theoretical attempts to calculate the percola
threshold culminated with the introduction by Balberget al.
of the notion of a critical total excluded volumeBc @7#. The
excluded volume is the volume around one particle of
system in which the center of a second particle must be
order for the two particles to be connected. The total
cluded volume of the system is therefore another measur
the number of particles in the system, i.e., of the dens
When measured in this way, the numerical value of the p
colation threshold seemed to be relatively insensitive to
shape of the particles~unlike the density itself!. It was there-
fore considered an approximately universal quantity. Ho
ever, this concept could not take into account other prop
ties of the system, such as interactions between the parti
nor could it explain the remaining dependence of the per
lation threshold on the details of the system.

In 1977, Coniglio, DeAngelis, and Forlani proposed a d
ferent approach, based on a density expansion of the m
cluster size@8#. This in turn served as the basis of an a
561063-651X/97/56~2!/1379~17!/$10.00
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proximate calculation based on some integral equati
analogous to those encountered in the theory of liquids@9#.
This approach yielded finally a theoretical prediction of t
percolation threshold, but the results remained only qual
tive, discrepancies of up to 40% with computer simulatio
being common@10,11#.

Recently, however, Alon, Drory, and Balberg@12# and
Drory et al. @13# obtained quantitatively adequate resu
from the expansion of Coniglio, DeAngelis, and Forlani,
using the density expansion directly instead of integral eq
tions. This posed a curious problem, because the critical d
sity is not low enough to suggest that a power expans
should work. On the other hand, the expansion of Conig
DeAngelis, and Forlani had been developed to desc
physical clustering in a gas, and its extension to general c
tinuum percolation models was based on extensive an
gies. It seemed that a more solid theoretical foundation w
needed for continuum percolation before this puzzle could
addressed. Such a foundation has been laid in I and II,
we can now treat the problem of density expansions from
fresh point of view. The formalism presented in I and II
based on a quantitative mapping between the percola
model and an extension of the Potts model, the Potts fl
We have only recently learned that such a mapping had
ready been introduced in 1982 by Klein@14#. This was then
further elaborated by Given@15#, Given and Klein@16#, and
Given and Stell@17#. These authors used the mapping
generate a Born-Green hierarchy of equations for
n-connectedness functions~which are to percolation system
what n-correlation functions are to liquids!, and from there
to derive several integral equations and various bounds
e.g., the mean cluster size. We think these results and
should be viewed as complementary. The earlier deve
ments of Klein, Given, and Stell were made along the lin
adopted in chemical physics and the theory of liquids, i
mainly integral equations andn-connectedness function h
erarchies. Our research, on the other hand, follows the l
adopted in the statistical mechanics theory of critical p
1379 © 1997 The American Physical Society
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1380 56DRORY, BERKOWITZ, PARISI, AND BALBERG
nomena, i.e., mean field theory, exact solutions of simplifi
models ~e.g., one-dimensional systems@18#!, and various
perturbative expansions. The two approaches there
complement each other to yield a comprehensive theor
continuum percolation.

For easy reference, we recall here the essential definit
and results. Thes-state Potts fluid is a system ofN classical
spins $l i% i 51

N interacting with each other through a spi
dependent pair potentialV(rW i ,l i ;rW j ,l j ), such that

V~rW i ,l i ;rW j ,l j ![V~ i , j !5 H U~rW i ,rW j ! if l i5l j

W~rW i ,rW j ! if l iÞl j .
~1.1!

The spins are coupled to an external fieldh(rW) through an
interaction Hamiltonian

H int52(
i 51

N

c~l i !h~rW i !, ~1.2!

where

c~l!5H s21 if l51

21 if lÞ1.
~1.3!

Up to some unimportant constants, the Potts fluid pa
tion function ~more precisely, the configuration integral! is

Z5
1

N! (
$lm%

E drW1•••drWNexpF2b(
i . j

V~ i , j !

1b(
i 51

N

h~ i !c~l i !G . ~1.4!

The magnetization of the Potts fluid is defined as

M5
1

bN~s21!

] lnZ

]h
, ~1.5!

whereh is the now constant external field. The susceptibil
is

x5
]M

]h
. ~1.6!

The n-density functions of the Potts fluid are defined a

r~n!~rW1 ,l1 ;...;rWn ,ln!5
1

Z~N2n!! E drWn11•••drWN

3expF2b(
i . j

V~ i , j !

2b(
i 51

N

h~ i !c~l i !G . ~1.7!

Of particular interest is the spin pair-distribution functio
g(2)(xW ,a;yW ,g), defined as

g~2!~xW ,a;yW ,g![
1

r~xW !r~yW !
r~2!~xW ,a;yW ,g!, ~1.8!

which tends to 1 whenuxW2yW u→`. Here r(xW ) is the local
numerical density. It is often useful to define a spin corre
tion functionh(2)(xW ,a;yW ,g) as
d

re
of

ns

i-

-

h~2!~xW ,a;yW ,g![gs
~2!~xW ,a;yW ,g!21. ~1.9!

This function tends to zero whenuxW2yW u→`.
Any continuum percolation model defined byv( i , j ) and

p( i , j ) can be mapped onto an appropriate Potts fluid mo
with a pair-spin interaction defined by

U~ i , j !5v~ i , j !,
~1.10!

exp@2bW~ i , j !#5q~ i , j !exp@2bv~ i , j !#,

where

q~rW i ,rW j ![12p~rW i ,rW j ! ~1.11!

is the probability of disconnection.
The relation between the Potts magnetization and the

colation probabilityP(r) is

lim
h→0

lim
N→`

lim
s→1

M5P~r!. ~1.12!

For densities lower than the critical densityrc , the sus-
ceptibility is directly related to the mean cluster sizeS

lim
h→0

lim
N→`

lim
s→1

x5bS ~r,rc!. ~1.13!

An important quantity in the percolation model is the pa
connectedness functiong†(xW ,yW ), the meaning of which is

r~xW !r~yW !g†~xW ,yW !dxW dyW

5~probability of finding two particles in

regions dxW and dyW around the positions

xW and yW , such that they both belong

to the same cluster!. ~1.14!

This function is related to the mean cluster size by

S511rE drW g†~rW !, ~1.15!

where we assume, as we usually shall, that the system
translationally invariant, so thatg†(xW ,yW )5g†(xW2yW ) and
r(xW )5r(yW )5r.

The pair connectedness is related to the Potts pair co
lation functions by

g†~xW ,yW !5 lim
s→1

@g~2!~xW ,s;yW ,s!2g~2!~xW ,s;yW ,h!#

5 lim
s→1

@h~2!~xW ,s;yW ,s!2h~2!~xW ,s;yW ,h!#, ~1.16!

where the spinss andh are arbitrary except for the cond
tions s, hÞ1 andsÞh.

Recently, Drory has applied this formalism to a nontriv
one-dimensional model and managed to obtain its exact
lution @18#. Continuing the investigation of the usefulness
this formalism, we consider in the present work the reg
r,rc and derive series expansion in powers of the den
for the mean cluster size and the pair connectedness~the
percolation probability, on the other hand, vanishes ide
cally for these densities!. To do this we introduce in Sec. I
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56 1381THEORY OF CONTINUUM PERCOLATION. III. LOW- . . .
the spin-functional differentiation, which is a simple gene
alization of the usual functional differentiation. With th
tool, we easily obtain a diagrammatic expansion of the
evant quantities in Sec. III. Section IV compares this exp
sion to the one derived by Coniglio, DeAngelis, and Forla
from a completely different starting point@8#. Section V then
applies the general results to a specific case, the exte
hypercube models. The results are presented in Sec. VI
nally in Sec. VII we discuss the reasons for the quantitat
success of the present approach, compared with the i
equacy of previous analytical attempts.

II. SPIN-FUNCTIONAL DIFFERENTIATION

The mathematical properties of the Potts fluid are v
similar to the corresponding ones for a classical fluid. In
following derivations, we therefore follow very closely th
presentation of Hansen and McDonald of the theory of c
sical fluids@9#. Occasionally we shall skip some mathema
cal details which are identical for the Potts fluid and for t
classical one.

Since all the quantities in which we are interested
expressible as statistical averages, we may choose to wo
the grand canonical ensemble rather than in the canon
one.

The grand canonical partition functionJ is given by

J5 (
N50

`
1

N! E d1•••dN (
l1 ,...,lN

)
i 51

N

z* ~ i ,l i !

3)
i . j

N

exp@2bV~ i , j !#, ~2.1!

where

z* ~ i ,l i !5S 2pb\2

m D 3/2

exp@bm1bh~ i !c~l i !# ~2.2!

is the generalized activity. Here,m is the mass of the par
ticles ~the spins!, m is the chemical potential, and\ is
Planck’s constant.

The n-density functions are now defined to be

r~n!~rW1 ,l1 ;...;rWn ,ln!

5
1

J (
N50

`
1

~N2n!! E drWn11•••drWN

3 (
ln11 ,...,lN

)
i 51

N

z* ~ i ,l i !)
j . i

N

exp@2bV~ i , j !#.

~2.3!

Paper II presented a generalization of the functional
rivative, which will be called hereafter the spin-function
derivative. LetF@ t(rW,l)# be a functional of the function
t(rW,l), which depends on a position variablerW as well as on
an associated discrete spin variablel. Then the spin-
functional derivatived̃F/dt is defined through the relation

dF5E drW (
l

d̃F
dt~rW,l!

dt~rW,l!, ~2.4!
-

l-
-
;

ed
i-

e
d-

y
e

-
-

e
in
al

-

wheredF is the change inF associated with a variationdt in
t(rW,l). The only difference with the usual functional deriv
tive is in the added summation over the spin variable. It
easily seen that this does not change any of the basic p
erties of the functional derivative operator. In particular, w
have~see, e.g., Hansen and McDonald@9#! that

d̃t~xW ,a!

dt~yW ,g!
5d~xW2yW !da,g , ~2.5!

and

d̃

dt~yW ,g! F E dzW (
l

t~zW,l!G5t~yW ,g!. ~2.6!

The equivalent of the change of variable formula is now

d̃F
du~xW ,a!

5E dyW (
l

d̃F
dv~yW ,l!

d̃v~yW ,l!

du~xW ,a!
. ~2.7!

By a generalization of Eq.~2.6!, we now have that

d̃J

dz* ~xW ,a!
5 (

N51

`
N

N! E d2•••dN

3 (
l2 ,...,lN

)
i 52

N

z* ~ i ,l i !)
i . j

N

exp@2bV~ i , j !#,

~2.8!

whererW15xW andl15a. Therefore, comparing with the defi
nition of then-density functions, Eq.~2.3!, we have that

r~1!~xW ,a!5
z* ~xW ,a!

J

d̃J

dz* ~xW ,a!
5z* ~xW ,a!

d̃ lnJ

dz* ~xW ,a!
.

~2.9!

An immediate generalization yields

r~n!~1,a1 ;...;n,an!5
1

J
z* ~1,a1!•••z* ~n,an!

3
d̃nJ

dz* ~1,a1!•••dz* ~n,an!
.

~2.10!

In particular, combining Eqs.~2.9! and ~2.10!, we have that

r~2!~xW ,a;yW ,g!2r~1!~xW ,a!r~1!~yW ,g!

5z* ~xW ,a!z* ~yW ,g!
d̃ lnJ

dz* ~xW ,a!dz* ~yW ,g!
. ~2.11!

A useful identity is obtained by using Eq.~2.5! in con-
junction with Eq.~2.9!,

d̃r~1!~xW ,a!

d ln@z* ~yW ,g!#
5z* ~yW ,g!

d̃

dz* ~yW ,g!
Fz* ~xW ,a!

d̃ lnJ

dz* ~xW ,a!
G

5r~1!~xW ,a!d~xW2yW !da,g1r~1!~xW ,a!

3r~1!~yW ,g!h~2!~xW ,a;yW ,g!, ~2.12!

where we have used Eqs.~2.11!, ~1.8!, and~1.9!.
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By analogy with fluid systems@9#, let us now define the
spin direct correlation functionc(xW ,a;yW ,g) as

c~xW ,a;yW ,g![
d̃ ln@r~1!~xW ,a!/z* ~xW ,a!#

dr~1!~yW ,g!
. ~2.13!

Then, with the identity Eq.~2.5!, we have that

d̃ ln@z* ~xW ,a!#

dr~1!~yW ,g!
5

1

r~1!~xW ,a!
d~xW2yW !da,g2c~xW ,a;yW ,g!.

~2.14!

Finally, from the change of variable formula, Eq.~2.7!, we
have that

d~xW2yW !da,g5
d̃ ln@z* ~xW ,a!#

d ln@z* ~yW ,g!#

5E dzW (
l

d̃ ln@z* ~xW ,a!#

dr~1!~zW,l!

d̃r~1!~zW,l!

d ln@z* ~yW ,g!#
.

~2.15!

Substituting Eqs.~2.12! and ~2.13! into Eq. ~2.15!, we find

h~2!~xW ,a;yW ,g!5c~xW ,a;yW ,g!1E dzW (
l

3r~1!~zW,l!c~xW ,a;zW,l!h~2!~zW,l;yW ,g!,

~2.16!

which is the equivalent, for the Potts fluid, of the classi
Ornstein-Zernike relation~see, e.g., Hansen and McDona
@9#!.

To find out the implications of this for the percolatio
system, let us substitute Eq.~2.16! into the definition of the
pair connectedness, Eq.~1.9!. Then, we have that

h~2!~xW ,a;yW ,a!2h~2!~xW ,a;yW ,g!

5c~xW ,a;yW ,a!

1E dzW r~1!~zW,a!c~xW ,a;zW,a!h~2!~zW,a;yW ,a!

1E dzW (
lÞa

r~1!~zW,l!c~xW ,a;zW,l!h~2!~zW,l;yW ,a!

2c~xW ,a;yW ,g!2E dzW r~1!~zW,a!c~xW ,a;zW,a!

3h~2!~zW,a;yW ,g!2E dzW r~1!~zW,g!c~xW ,a;zW,g!

3h~2!~zW,g;yW ,g!2E dzW (
lÞa
lÞg

r~1!~zW,l!c~xW ,a;zW,l!

3h~2!~zW,l;yW ,g!. ~2.17!

We use now the fact that forr,rc the symmetry of the
system is unbroken and therefore

r~1!~zW,l!5
1

s
r~zW !, ~2.18!
l

wherer(zW) is the local density atzW. For the same reason, w
also have that

c~xW ,a;yW ,a!5c~xW ,g;yW ,g!,

h~2!~xW ,a;yW ,a!5h~2!~xW ,g;yW ,g!, ~2.19!

h~2!~xW ,a;yW ,g!5h~2!~xW ,a;yW ,l!,

for any spinsg, lÞa, and other similar relations. Then w
can rewrite Eq.~2.17! as

h~2!~xW ,a;yW ,a!2h~2!~xW ,a;yW ,g!

5c~xW ,a;yW ,a!2c~xW ,a;yW ,g!

1
1

s E dzW r~zW !c~xW ,a;zW,a!h~2!~zW,a;yW ,a!

1
s21

s E dzW r~zW !c~xW ,a;zW,g!h~2!~zW,g;yW ,g!

2
1

s E dzW r~zW !c~xW ,a;zW,a!h~2!~zW,a;yW ,g!

2
1

s E dzW r~zW !c~xW ,a;zW,g!h~2!~zW,a;yW ,a!

2
s22

s E dzW r~zW !c~xW ,a;zW,g!h~2!~zW,g;yW ,g!. ~2.20!

Finally, we can take the limits→1. Equation~2.20! then
becomes

lim
s→1

@h~2!~xW ,a;yW ,a!2h~2!~xW ,a;yW ,g!#

5 lim
s→1

H @c~xW ,a;yW ,a!2c~xW ,a;yW ,g!#

1E dzW r~zW !@c~xW ,a;zW,a!2c~xW ,a;zW,g!#

3@h~2!~zW,a;yW ,a!2h~2!~zW,a;yW ,g!#J . ~2.21!

We can now define a percolation direct connectedness fu
tion c†(xW ,yW ) as

c†~xW ,yW !5 lim
s→1

@c~xW ,a;yW ,a!2c~xW ,a;yW ,g!#. ~2.22!

Equation~2.21! then becomes, with the help of the definitio
of the pair connectedness, Eq.~1.16!,

g†~xW ,yW !5c†~xW ,yW !1E dzW r~zW !c†~xW ,zW !g†~zW,yW !,

~2.23!

which is the percolation analog of the Ornstein-Zernike re
tion. This relation will prove useful in the next section.
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III. DIAGRAMMATIC EXPANSION

The density expansion of the pair correlation of a Po
fluid is obtained by following the steps leading to the cor
sponding density expansion for a classical fluid, once so
simple generalizations have been made. The following th
fore follows closely the derivation presented in Hansen a
McDonald @9#.

First, let us define the Potts equivalent of the Mayef
function, as

f~rW i ,l i ;rW j ,l j ![f~ i , j !5exp@2bV~rW i ,l i ;rW j ,l j !#21.
~3.1!

Let us now denote

f ~rW i ,rW j !5exp@2bv~rW i ,rW j !#21, ~3.2!

f * ~rW i ,rW j !5q~rW i ,rW j !exp@2bv~rW i ,rW j !#21. ~3.3!
s
-
e

e-
d

Then we have from the definition ofV( i , j ), Eqs.~1.1! and
~1.10!, that

f~rW i ,l i ;rW j ,l j !5H f ~rW i ,rW j ! if l i5l j

f * ~rW i ,rW j ! if l iÞl j .
~3.4!

The grand canonical function is now

J5 (
N50

`
1

N! E d1•••dN (
l1 ,...,lN

)
i 51

N

z* ~ i ,l i !

3)
i . j

N

@11f~ i , j !#. ~3.5!

This expression is best represented diagrammatically, as
e as
e

actor
s. While

e because

o for the

nctional
~3.6!

In these diagrams, each circle corresponds to a functionz* ( i ,l i), and is therefore associated with a discrete spin variabl
well as with a position coordinate. Each line corresponds tof( i , j ). For eachblack circle, we integrate over the spac
coordinate and sum over the spin coordinate. For example,

~3.7!

We will also havewhite circlesover which there is neither integration nor summation. Note, finally, that the symmetry f
of the diagrams, being a purely combinatorial quantity, is the same here as for the usual diagrams without spin variable
this is not necessarily so when the lines can stand for different functions as they can here, nevertheless it remains tru
the identity of the lines is uniquely determined by spin variables which are then summed upon.

It is now easy to see that all the usual definitions and theorems which hold for the usual spinless diagrams hold als
spin diagrams introduced here. In particular, the Morita-Hiroike lemmas~see, e.g., Hansen and McDonald
@9#! hold here as well, provided the functional derivatives which appear in them are generalized to be the spin-fu
derivatives introduced in the preceding section. For example, we have the following generalized lemma.

Lemma. If G is a diagram consisting of blackt(rW,l) circles andf bonds, we have that

d̃G

dt~xW ,a!
5$all diagrams obtained by replacing a blackt circle of G by a white 1 circle labeled~xW ,a!%. ~3.8!

From another lemma of Morita and Hiroike, we have immediately that~see Hansen and McDonald@9#!

ln J5$all simple connected diagrams consisting of blackz* circles andf bonds%

~3.9!

from which we can show that
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ln@r~1!~xW ,a!/z* ~xW ,a!#5$all simple diagrams consisting of one white 1 circle labeled~xW ,a!,

one or more blackr~1! circles andf bonds, such that they are free of connecting circles%.

~3.10!

A connecting circle is a circle the removal of which~along with the bonds which emerge from it! causes the diagram t
become disconnected.

From Eq.~2.13! and the lemma~3.8!, we immediately obtain that

c~xW ,a;yW ,g!5$all simple diagrams that consist of two white 1 circles labeled~xW ,a!, and ~yW ,g!,

black r~1! circles andf bonds, and are free of connecting circles%

~3.11!
le

.
i

q

o

a

of

a
n
ct
n
st

re
e
m

e-
,
as,

ers

he
nd

n-

d, in

us
n-
In all these diagrams, one of the white circles is labe
(xW ,a) and the other is labeled (yW ,g).

The Ornstein-Zernike relation, Eq.~2.16!, now determines
h(2). For vanishing magnetic fieldh50, we have significant
simplifications, sincer (1)(zW,l)5(1/s)r, wherer5^N&/V is
the usual density. Furthermore,h(2)(xW ,a;yW ,g) and
c(xW ,a;yW ,g) now depend on xW2yW provided v(xW ,yW )
5v(xW2yW ) andp(xW ,yW )5p(xW2yW ), which we always assume
In this case, the Ornstein-Zernike relation is very simple
Fourier space, i.e.,

ĥ~2!~kW ,a,g!5
ĉ~kW ,a,g!

12~r/s!ĉ~kW ,a,g!
, ~3.12!

where

ĥ~2!~kW ,a,g!5E dxW e2 ikW~xW2yW !h~2!~xW ,a;yW ,g!,

ĉ~kW ,a,g!5E dxW e2 ikW~xW2yW !c~xW ,a;yW ,g!. ~3.13!

Going now to the percolation picture, we notice that E
~1.15! for S can be rewritten

S511rĝ†~0!. ~3.14!

From the definition ofg†, Eq. ~1.16!, and from Eqs.~2.23!,
~2.22!, and~3.12!, we have now

S5
1

12r ĉ†~0!
5

1

12r lim
s→1
h→0

@ ĉ~0,a,a!2 ĉ~0,a,g!#
.

~3.15!

This equation, together with the expansion
c(xW ,a;yW ,g), Eq. ~3.11!, defines an expansion ofS in powers
of the density. The critical densityrc is the radius of con-
vergence of this series, which we can find by using stand
methods of convergence analysis~see, e.g., Refs.@19,20#!.
d

n

.

f

rd

IV. EQUIVALENCE WITH
CONIGLIO-DeANGELIS-FORLANI EXPANSION

In 1977, Coniglio, DeAngelis, and Forlani~CDF! @8# ob-
tained a density expansion forc†(xW ,yW ) from a completely
different point of view. We discuss now the connection
the present work to the CDF expansion.

Coniglio, DeAngelis, and Forlani start by considering
classical fluid~no spins!, where the interparticle interactio
is v( i , j ). For this fluid, the classical Ornstein-Zernike dire
correlation functioncf(xW ,yW ) has a density expansion give
by Eq. ~3.11!, except that the white 1 circles are labeled ju
xW andyW and the bonds represent the Mayerf function defined
as f ( i , j )[exp@2bv(i,j)#21, in the same notation used he
in Eq. ~3.3!. Coniglio, DeAngelis, and Forlani then assum
that the Mayerf function can be decomposed into a su
f ( i , j )5 f †( i , j )1 f * ( i , j ) where f † is related to the particles
being connected andf * to their being unconnected. The sp
cific definitions of f † and f * used by Coniglio, DeAngelis
and Forlani are relevant only to physical clustering in a g
but the assumption of the decomposition off ( i , j ) was ex-
tended by analogy to other systems by several work
@3,10,11#. If we takef * as formally defined here in Eq.~3.3!,
which is natural since this function is directly related to t
probability of the two particles being unconnected, we fi
that

f †~ i , j ![ f ~ i , j !2 f * ~ i , j !5p~ i , j !exp@2bv~ i , j !#. ~4.1!

This result is satisfying sincef † turns out to be directly pro-
portional to the probability of the two particles being co
nected.

Coniglio, DeAngelis, and Forlani then replacef in the
diagrammatic expansion ofcf(xW ,yW ), with the sumf †1 f * ,
and consider all the decomposed diagrams thus obtaine
which every bond is either anf † or an f * function. The sum
of all the diagrams which contain at least one continuo
path of f † functions between the white 1 circles, they co
sider to bec†(xW ,yW ), while the remainder is calledc* (xW ,yW ),
so thatcf(xW ,yW )5c†(xW ,yW )1c* (xW ,yW ).
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It is hardly obvious now that this algorithm agrees w
the expansion obtained here. Indeed, the functionf † never
appears in the present expansion. Nonetheless, the two
mulations are equivalent.

The proof of the equivalence holds diagram by diagra
Therefore we can take for simplicity a specific example, e

the diagram . In this diagram, every dotted line d

notes a functionf ( i , j ). Then, if we consider all the diagram
obtained by replacing everyf bond by either anf * bond or
an f † bond in all possible ways, and keep only those d
grams which contain a continuousf † path between the two
white circles, we obtain
f t

a
ne

be

be
n-
th

-
o

tie
or-

.
.,

-

-

~4.2!

where a double line denotes a functionf †( i , j ), and CDF-
@diagram# on the left hand side means the result of the C
algorithm when applied to the given diagram. The dott
lines on the right hand side~f bonds! arise because once
continuous f † path exists, all the diagrams obtained fro
further replacements off bonds byf † bonds andf * bonds
must be counted. This sum can be expressed more comp
by keeping the originalf bonds.

We now wish to prove the equivalence of this scheme
the one we have developed here, i.e.,
in
~4.3!

where on the right hand side, every diagram is of the spin type, and every full line represents a functionf( i , j ). To simplify
still further, let us ignore the integration over the coordinates of the black circles~but not the summation over spins in the sp
diagrams!. The integrals can then be added at the end of the proof. E.g., in this section we shall assume that

~4.4!

and

~4.5!
m

tex

sed
p-

ty

-
s an
where the labels 1,2,3,4 denote the spatial coordinates o
vertices. Note that in the last diagram,l15a, l25h are
fixed, but we sum over the spinsl3 andl4 .

With this convention, we are ready to prove the equiv
lence of the two formulations. To do this, let us defi
a new ‘‘bond-percolation’’ problem on the four-vertex

graph . In this new problem, every bond can

either ‘‘open’’ ~in which case its two ends are said to
connected! or closed~in which case the ends are disco
nected!. Let us further assume that the bond connecting
verticesi and j is open with a probabilityf †( i , j ) and closed
with a probabilityf * ( i , j ). Formally these are not true prob
abilities since their sum is not normalized to 1, but this is
no importance. One can always normalize the probabili
he

-

e

f
s

by dividing by the proper product off functions. With this
convention, every diagram obtained from the CDF algorith
now represents the~unnormalized! probability of a specific
configuration of open and closed bonds on the four-ver
graph. E.g., consider

~4.6!

where a line of* represents a functionf * . The same diagram
can also be thought of as a configuration of open and clo
bonds on the four-vertex graph, by letting a double line re
resent an open bond and a* line a closed bond. This
geometrical configuration occurs with a probabili
f †(1,3)f †(3,4)f †(4,2)f * (1,2), which is just the value of the
equivalent diagram, Eq.~4.6!. Every diagram therefore func
tions in a double capacity. On the one hand, it represent
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actual configuration of open and closed bonds on so
graph. On the other hand, it represents some functio
value. This functional value is just the~unnormalized! prob-
ability of the bond configuration represented by the sa
graph.

Now, two vertices which are connected by a path of op
bonds can be said to belong to the same cluster. In partic
the ~unnormalized! probability that the two white circles be
long to the same cluster, denotedPcl(1,2), is the sum of all
the diagrams in which a continuous path of open bonds
ists between these circles. This, however, is exactly the c
of diagrams selected by the CDF algorithm. Hence,

~4.7!

Therefore what we now need to prove is that

~4.8!

To probe this we show, by paralleling the derivation given
I, that there exists a mapping of the new bond-percolat
problem onto ans-spin model. ThenPcl(1,2) ~which plays
here the part of the pair connectedness! is equal to the dif-
ference of two spin diagrams. The formal proof of this cla
is given in the Appendix. It is easily seen to hold for eve
diagram in the CDF expansion, and shows therefore that
expansion is indeed equivalent to the one derived here in
context of the Potts fluid.

V. APPLICATION TO EXTENDED HYPERCUBES

Let us see now how the expansion obtained in Sec. III
be applied to finding the critical densityrc . The system we
consider consists ofD-dimensional hypercubes which hav
an impenetrable~hard! core of sidea, surrounded with a
hypercubic permeable shell of sided.a, so that two par-
ticles are bound if their shells overlap. In other words, ifrW i

5(xi
1,...,xi

D) and rW j5(xj
1,...,xj

D) are the positions of two
particles, then
e
al

e

n
ar,

x-
ss

n

is
he

n

v~ i , j !5 H ` if for all 1<k<D, uxi
k2xj

ku,a
0 otherwise

~5.1!

p~ i , j !5 H 1 if for all 1<k<D, uxi
k2xj

ku,d
0 otherwise.

~5.2!

Hence, from Eq.~3.3!,

f ~rW i ,rW j !5 H 21 if for all 1<k<D, uxi
k2xj

ku,a
0 otherwise.

~5.3!

f * ~rW i ,rW j !5 H 21 if for all 1<k<D, uxi
k2xj

ku,d
0 otherwise.

~5.4!

We choose this rather unrealistic system because for
dimensionD the required calculations always turn out to
much simpler for cubes than for the more realistic sphe
Since the aim at present is to prove the usefulness of
method rather than investigate a specific system, one sh
not be overly troubled by this choice. Let us note, howev
that the spherical version of this model has been used
model microemulsions@3#, so that it is at least mildly rel-
evant to some real systems. It is also the simplest mo
which contains interactions, and therefore a good tes
case.

Let us now define two functions of a single variable,

F1~x!5H 1 if uxu,a

0 if uxu.a.
~5.5!

F2~x!5H 1 if uxu,d

0 if uxu.d.
~5.6!

Equations~5.4! can now be rewritten as

f ~x1,...,xD!52)
i 51

D

F1~xi !. ~5.7!

f * ~x1,...,xD!52)
i 51

D

F2~xi !. ~5.8!

We shall now calculatec† up to the second order inr
~i.e., up to square diagrams!. The zeroth order is
~5.9!
ls
is

m-
where we have defined the aspect ratioh as

h[
a

d
. ~5.10!

For the first order~triangular diagrams!, we need, e.g., the
integral
V~yW ![E dxW f ~xW ! f ~xW2yW !5)
i 51

D H E dxiF1~xi !F1~xi2yi !J .

~5.11!

It is precisely the factorization of this and similar integra
into a product of identical one-dimensional integrals that
the main simplification afforded by the use of a cubic geo
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etry. As a beneficial side effect, it allows us to check t
influence of system dimensionality on the critical density

V(yW ) is very simple to evaluate when we realize th
*dx F1(x)F1(x2y) is merely the overlap of two segmen
of length 2a, one of which is centered at the origin, the oth
centered at the positiony. By direct inspection, we have
therefore that

E dx F1~x!F1~x2y!5 H2a2uyu if uyu,2a
0 if uyu.2a, ~5.12!

E dx F2~x!F2~x2y!5 H2d2uyu if uyu,2d
0 if uyu.2d,

~5.13!

E dx F1~x!F2~x2y!5H 2a if uyu,d2a
d1a2uyu if d2a,uyu,d1a
0 if uyu.d1a.

~5.14!

Let us consider a typical contribution from the triangu
diagrams, e.g., the integral*dx dy F2(x)F2(x2y)F1(y).
In this integral, we interpret the termF1(y) as merely speci-
fying the limits of integration, i.e., determining thatuyu,a.
Sinced.a, we have from Eq.~5.13! that

E dx dy F2~x!F2~x2y!F1~y!

5E
2a

a

dyF E dx F2~x!F2~x2y!G54da2a2.

~5.15!

All the required one-dimensional integrals can now be c
culated along the same lines. In fact, Eqs.~5.12!–~5.14! suf-
fice to calculate all the triangular and square diagrams,
cept for the last fully connected square diagram which i
product of sixF functions. For this diagram the previou
arguments have to be generalized but it can be done e
along the lines already presented.

All the integrals we need are presented in Tables I–
The first column in each table contains the notation of
integral, and the third column its value. All these integr
areDth powers of some one-dimensional integrals@see, e.g.,
Eq. ~5.11!#. The corresponding one-dimensional integrals
pear in the second column.

We now have, after some straightforward calculatio
that the contribution of the triangular diagrams, deno
(2d)2Dk2 , is, in the notation of Tables I–IV,

~2d!2Dk25I 122I 21I 3 . ~5.16!

TABLE I. The integrals contributed by triangular diagrams. T
first column is the notation and the last is the value. This valu
the Dth power of the one-dimensional integral whose integra
occupies the second column. The variablesx and y are integrated
upon.

I 1 F1(x)F1(x2y)F1(y) (3a2)D

I 2 F2(x)F2(x2y)F1(y) (4da2a2)D

I 3 F2(x)F2(x2y)F2(y) (3d2)D
t

r

l-

x-
a

ily

.
e
s

-

,
d

Similarly, the contribution from the square diagrams
denoted (2d)3Dk3 , and in the notation of Tables I–IV is
equal to

~2d!3Dk35 3
2 J125J215J32 3

2 J423K113K22 1
2 K317K4

210K51 7
2 K61 1

2 L12L22L31 5
2 L42L5 .

~5.17!

Substituting these results into Eq.~3.15! yields, for the
mean cluster size,

S

5
1

12r~2d!D~12hD!2r2~2d!2Dk22r3~2d!3Dk31O~r4!
.

~5.18!

The critical density is commonly measured in dimensio
less units. Let us define

B5~2d!Dr, ~5.19!

which is chosen to reduce to the total excluded volume w
a→0 @7#. As mentioned in the Introduction, this reduces t
dependence of the density on the details of the system
facilitates the presentation of the results. Finally, using st
dard methods@21#, we find the series expansion for the me
cluster size to be

S511S1B1S2B21S3B31O~B4!, ~5.20!

with

S1512hD ,

S25k21S1
2,

S35k312S1k21S1
3. ~5.21!

VI. RESULTS FOR HYPERCUBES

To find the critical density, we need some extrapolati
method which will yield the point of divergence of the seri
~5.20!. Unfortunately, we know very few terms in this serie
The results can be improved, however, by using additio
information. In particular,S diverges asS;(Bc2B)2g, and
g appears to be universal, i.e., independent of the interact
and furthermore, equal to the well known value it takes
lattice percolation.Biased methodsuse the known value ofg
to calculateBc . There are several methods available, but
the present use, the best seems to be the one develope

is
d

TABLE II. The integrals contributed by square diagrams w
four lines. The first column is the notation and the last is the va
This value is theDth power of the one-dimensional integral who
integrand occupies the second column. The variablesx, y, andz are
integrated upon.

J1 F1(x)F1(x2y)F1(z)F1(z2y) ( 16
3 a3)D

J2 F1(x)F1(x2y)F2(z)F2(z2y) (8da22
1
3a

3)D

J3 F1(x)F2(x2y)F2(z)F2(z2y) (6d2a2
2
3a

3)D

J4 F2(x)F2(x2y)F2(z)F2(z2y) ( 16
3 d3)D
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TABLE III. The integrals contributed by square diagrams with five lines. The first column is the not
and the last is the value. This value is theDth power of the one-dimensional integral whose integra
occupies the second column. The variablesx, y, andz are integrated upon.

K1 F1(y)F1(x)F1(x2y)F1(z)F1(z2y) ( 14
3 a3)D

K2 F1(y)F1(x)F1(x2y)F2(z)F2(z2y) (6da22
4
3a

3)D

K3 F1(y)F2(x)F2(x2y)F2(z)F2(z2y) (8d2a24da21
2
3a

3)3

K4 F2(y)F1(x)F2(x2y)F1(z)F2(z2y) (8da22
10
3 a3)D

K5 F2(y)F1(x)F2(x2y)F2(z)F2(z2y) (6d2a2da22
1
3a

3)D

K6 F2(y)F2(x)F2(x2y)F2(z)F2(z2y) ( 14
3 d3)D
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Arteca, Fernandez, and Castro~AFC! @22#. The biased ver-
sion of this method relies on the fact that the functi
(Bc2B)gS(B) is analytical aroundBc . Therefore we define
a function of two variables,

g~u,B!5S 12
B

u D g

S~B!, ~6.1!

where we have assumed a known value forg. Given an
expansionS5SSnBn, we can expandg(u,B) in powers of
B, with the result

g~u,B!5 (
n50

`

gn~u!Bn, ~6.2!

where

gn~u!5 (
k50

n S g
k D ~2u!2kSn2k . ~6.3!

Sinceg(u,B) is analytical atu5Bc , the idea is now to look
for values ofu which maximize the convergence of the s
ries$gn(u)%n51

` asn→`. The AFC proposal is to generate
series$un%n51

` of solutions of the equation

gn~un!50. ~6.4!

Then we expect that

lim
n→`

un5Bc . ~6.5!

In the case of the series~5.20!, we know the terms only up to
n53, which is too little to extrapolate a reliable limit to th
series$un%n51

` . Therefore we take simply the last term of th
series,u3 , as our estimate ofBc .

In Figs. 1–4, we compare this theoretical estimate to
sults of computer simulations for dimensions 2, 3, 4, and
as a function of the aspect ratioh. The simulations were
-
,

performed with an efficient algorithm we introduced recen
for investigating continuum percolation with interaction
@23#. Unlike the usual Metropolis algorithm, this method i
creases serially the density in the system until percolatio
achieved. The effect of the interactions is included throug
rejection criterion which produces an effective statistic
weight for the configurations. The final~percolating! con-
figuration contained close to 30 000 particles in two a
three dimensions and around 10 000 in the higher dim
sions. The results are averages over ten independent run
the numerical error is estimated to range from 5% to 10%

Let us first consider the well reproduced qualitative b
havior of Bc(h). The main features can be understood fro
simple arguments. As pointed out by Buget al. @3#, the mini-
mum of Bc(h) results from the competition between tw
processes. As the diameter of the hard core increases, i
comes harder to bring particles close enough to each o
for them to bind. This effect clearly dominates at highh. At
low h, on the other hand, the hard core is much too sm
relative to the soft shell to prevent binding significantly, b
it increases the average distance between bound particle
a result the clusters are ‘‘longer,’’ and therefore percol
‘‘sooner,’’ henceBc is lower.

The dependence onD is understandable in terms of th
ratio of the permeable shell volume to the hard core volum
Clearly, this ratio increases with the dimensionality. The
fore, at any givenh, the influence of the hard core dimin
ishes asD increases. As a result, the graph ofBc(h) looks
flatter, while the influence of the final singularity ath51 ~at
which there is no possibility of binding anymore and the
fore no percolating phase!, is limited to regions of higherh.
This also influences the feasibility of the simulation
Clearly, the larger the hard core, i.e., the greaterh, the harder
it is to simulate the system. Hence, e.g., in two dimensio
we have no results beyondh50.8 due to this difficulty. As
D increases, however, higherh become more accessible. Un
fortunately, it is generally harder to simulate hig
dimensional systems, which is why we stopped atD55. The
ation
nd
TABLE IV. The integrals contributed by square diagrams with six lines. The first column is the not
and the last is the value. This value is theDth power of the one-dimensional integral whose integra
occupies the second column. The variablesx, y, andz are integrated upon.

L1 F1(x)F1(y)F1(z)F1(x2y)F1(x2z)F1(z2y) (4a3)D

L2 F2(x)F2(y)F2(z)F1(x2y)F1(x2z)F1(z2y) (6da222a3)D

L3 F1(x)F2(y)F2(z)F2(x2y)F2(x2z)F1(z2y) (8da224a3)D

L4 F2(x)F2(y)F2(z)F2(x2y)F2(x2z)F1(z2y) (6d2a22da2)D

L5 F2(x)F2(y)F2(z)F2(x2y)F2(x2z)F2(z2y) (4d3)D
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trends are obvious, however, and there should be nothin
exceptional forD.5. Even though we did not perform simu-
lations for dimensions higher than 5, we could easily calcu
late the theoretical prediction forD56 ~Fig. 5! and D57
~Fig. 6! which show the expected continuation of the previ

FIG. 1. The percolation thresholdBc as a function of the aspect
ratio for hard core squares with a soft shell, in dimension 2. Th
line represents the theoretical calculation, obtained from the AF
algorithm, biased with a value ofg5

43
18 @24#. The circles are the

results of computer simulations.

FIG. 2. The percolation thresholdBc as a function of the aspect
ratio for hard core cubes with a soft shell, in dimension 3. The lin
represents the theoretical calculation, obtained from the AFC alg
rithm, biased with a value ofg51.74 @25#. The circles are the
results of computer simulations.
g

-

-

ously mentioned trends. Interested researchers might want
perform simulations to compare with these results.

Turning now to the detailed comparison between theor
and simulations, we see that the results are quantitative
close to each other. Even in the worse case, in two dime

e
C

e
o-

FIG. 3. The percolation thresholdBc as a function of the aspect
ratio for hard core hypercubes with a soft shell in dimension 4. Th
line represents the theoretical calculation, obtained from the AF
algorithm, biased with a value ofg51.44 @24#. The circles are the
results of computer simulations.

FIG. 4. The percolation thresholdBc as a function of the aspect
ratio for hard core hypercubes with a soft shell in dimension 5. Th
line represents the theoretical calculation, obtained from the AF
algorithm, biased with a value ofg51.2 @24#. The circles are the
results of computer simulations.
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sions~Fig. 1!, the difference between theory and simulation
is at most 11%~at h50.5!. The position of the minimum,
theoretically predicted to beh50.79, also agrees well with
the simulations. We would like to note as an aside that ve
recently Okazakiet al. @6# have performed new simulations
of two-dimensional continuum percolation, and have o
tained a valueg51.94 instead of the higher43

18 obtained in

FIG. 5. The percolation thresholdBc as a function of the aspect
ratio for hard core hypercubes with a soft shell in dimension 6. T
line represents the theoretical calculation, obtained from the A
algorithm, biased with a value ofg51.0 @24#.

FIG. 6. The percolation thresholdBc as a function of the aspect
ratio for hard core hypercubes with a soft shell in dimension 7. T
line represents the theoretical calculation, obtained from the A
algorithm, biased with a value ofg51.0 @24#.
s

y

-

lattice percolation@24#. Use of this value to bias the theor
would yield a sensibly better fit to the simulations, with d
viations under 5%. Since, however, the results of Okaz
et al. contradict the accepted notions regarding the equa
of the critical exponents in continuum and lattice percolatio
we merely mention this in passing until the issue can
resolved by further investigations. From now on we use
accepted lattice values of the exponentg to bias the theory.

In three dimensions, up toh50.8, thegreatestdiscrep-
ancy between theory and ‘‘experiment’’ is only 4%, we
within the limits of the simulation error. Even ath50.8, the
largest discrepancy we have, the deviation is only about
still within the simulation error~which increases slightly
with h because of the above mentioned problems in perfo
ing the simulations in the vicinity ofh51!.

This trend continues in dimension 4, where the discr
ancy between the theory and the simulations remains be
6% until h50.65, and in dimension 5. Note, however, th
as a general rule simulation errors increase with dimens
ality due to the greater difficulty in performing the simul
tions, and therefore comparison with the theory becom
slightly more problematic. In particular, atD55 there seems
to be a systematic discrepancy with the theory which co
well reflect some finite size scaling effects in the simulatio
It is therefore quite possible that the theory is actually m
precise at this point than the simulations.

Considering that we use the series forS only up to second
order, the quantitative agreement obtained is a remark
success for the theory.

VII. DISCUSSION

We have seen how the Potts fluid mapping allows us
derive a general expansion in powers of the density for
mean cluster size and the pair connectedness. This expan
can be used to calculate the percolation threshold by ca
lating the first terms in the series then using some extrap
tion method to find the radius of convergence of the ser
We have applied this scheme to interacting hypercube
dimensions ranging from 2 to 7, and we have shown t
even with merely three terms in the series we already ob
very good quantitative results, within a few percent of t
results of the computer simulations.

Ours is not the first work to use density expansions of
mean cluster size, obtained in one way or another~e.g., from
an analogy with lattice systems@26#!, but we believe it is the
first one to derive quantitatively adequate results for intera
ing systems. We believe this success stems from a simple
fundamental reason.

When Coniglio, DeAngelis, and Forlani@8# obtained their
expansion ofS, they did not use it directly to calculate th
critical density. Instead, they turned for inspiration to t
theory of liquids and considered the integral equations
the pair correlation which had proved successful there,
marily the Percus-Yevick~PY! equation. Coniglio, DeAnge-
lis, and Forlani derived a percolative analog of this equat
by applying the CDF algorithm to its diagrammatic expa
sion. Some time later, De Simone, Stratt, and Demoulini@10#
applied this equation to a system of extended spheres,
spherical analog of the system investigated in the pres
work. The results were qualitatively correct but quanti
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tively poor. Discrepancies between theory and simulati
ranged from 40% to no less than 10%. Several researc
@11# extended this work to other interactions or shapes w
always the same quantitatively inadequate results. We
lieve this failure holds a simple~in hindsight, in fact, obvi-
ous!, but apparently underappreciated lesson.

The guiding principle behind the work of Coniglio
DeAngelis, and Forlani and their followers seems to ha
been viewing continuum percolation as a high-density p
nomenon. This is very reasonable from a point of vie
which starts from the usual theory of fluids and then extra
the percolative quantities from their normal fluid analog
The CDF algorithm is explicitly based on this point of view
given, e.g., the direct correlation functioncf(rW) of the fluid,
the percolating partc†(rW) can be extracted from it by looking
at a diagrammatic expansion. This means we need to k
cf(rW) first. The percolation transition occurs at relative
high densities, so that the normal fluid is either a dense
or a liquid. In this case, integral equations are the main t
for calculating the fluid’s properties, and therefore an a
equate starting point for obtaining the percolative proper
as well.

But such a point of view misses the most important asp
of the percolation transition, namely, that itis a phase tran-
sition. Integral equations are known to describe the liq
well only away from the liquid-gas critical point. As w
approach the transition, they fail. The quantitative failure
the percolative integral equations suggests that they su
from an analogous defect. There is direct evidence for
claim. Seaton and Glandt@27# checked the mean cluster siz
for a wide range of densities and compared the prediction
integral equations with the simulations. They found that
integral equations are indeed very successful away from
critical density, but worsen steadily asr→rc . In short, the
percolative integral equations behave with respect to the
colation transition exactly as their analogs in liquids beha
with respect to the liquid transition.

At first sight this seems puzzling. Atrc , the normal liquid
is usually away from its own critical point, and itis therefore
well described by integral equations. Now the procedure
extracting the percolative part from these equations invol
no further approximations. Why, then, do we obtain a rela
tively bad approximation by extractingexactly the percola-
tive part from a verygoodapproximation?

This is precisely the heart of the matter, which is t
trivial observation that the phase transition is entirely ru
by thesingular part of the relevant functions. Integral equ
tions tend to smooth out this singular part, as evidenced,
example, by their systematic overestimation of the criti
density@10#. This does not matter for the description of th
liquid, because the singular part is small at these densi
However, when we turn to the percolative analog, the en
physics we are after lies precisely in this overly smooth
out singular part.

To understand a singular behavior, we must use meth
adapted to singular functions. This is the simple but und
appreciated lesson from all the preceding. It requires u
abandon the view of continuum percolation as primarily
high-density process. The density at which the transit
takes place is irrelevant for the choice of descriptive too
since it only influences theanalytical part of the function.
s
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The proper tools to describe the percolation transition are
those which describe high-density systems well, but rat
those which describe other phase transitions well.

The present work proceeds clearly from this point
view. The underlying normal liquid plays no part in the d
scription presented here. Nowhere does the functioncf(rW) or
any of its parents appear. Instead, we have a mapping on
Potts fluid, from which we calculate all the relevant quan
ties. One important difference between this and the ol
point of view is that the magnetic transition of the Potts flu
can be identified with the percolation transition, since th
two relevant order parameters are essentially the sa
Therefore we are forced from the outset to employ o
methods which are useful for the description of the magn
phase transition. Indeed, integral equations are not a na
tool to use here since they will clearly fail in the descriptio
of the Potts fluid. Instead, we rely on one of the best tr
methods in critical phenomena, namely, an expansion v
in the disordered phase~high temperature usually, low den
sity in the present case!. A low-density expansion makes n
sense from the point of view of percolation as a high-dens
phenomenon. Indeed, we do not expect the actual valueS
obtained from the truncated series to be even remotely go
But what we look for is a failure of convergence, the appe
ance of a singularity, and for this a truncated series can
singularly well adapted, as shown repeatedly by countl
investigations of the Ising model@19# and, even more rel-
evantly, of percolation on a lattice@28#. More examples and
applications can also be found in Ref.@29#.

It is precisely because the mapping onto a Potts fluid id
tifies one phase transition~percolation! with another~mag-
netic! that we can achieve a remarkablequantitativeagree-
ment between theory and simulations. Clearly, the trunca
series expansion coupled with an extrapolation method
find the radius of convergence is at present the best avail
method to calculate theoretically the critical density in co
tinuum percolation.

APPENDIX

We consider some diagram in the expansion, e.g., the

ample used in Sec. IV, . On this diagram we defin

a bond-percolation problem. We can now map the probl
onto a spin model by simply assigning to every vertex as
spin, and assigning to every bond between the verticesi and
j a functionf( i , j ) defined as in Eq.~3.1!. We now proceed
to show, just as in paper I, that the bond-percolation mo
corresponds quantitatively to the spin model. The resul
again a geometrical mapping according to which every p
colation configuration corresponds to several spin configu
tions, in each of which all the spins belonging to a sing
cluster are parallel. Different clusters, however, have r
domly assigned spin values. The following derivation par
lels closely the one presented in paper I for the continu
case.

Let the chosen diagram containn vertices, and let us de
note
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G~1,2,...,n!5 )
all existing
bonds in
the graph

f~ i , j !. ~A1!

By convention, the two white circles are always labeled
and 2. The value associated with the diagram in the s
model is therefore(l3 ,l4 ,...,ln

G(1,...,n), where we assume

that the spins of the two white circles,l1 andl2 , are fixed,
and where we ignore the integration as in Sec. IV. The in
gration can be restored at the very end of the proof with
changing anything. For example, for the four-vertex gra
mentioned above, we have

G~1,2,3,4!5f~1,3!f~3,4!f~4,2!f~2,1!. ~A2!

Let us now select two spins, sayl i andl j , such that the
bond f( i , j ) exists in the graph. In the expression f
G(1,...,n), let us separate all possible configurations$lm%
into those wherel i5l j and the rest. Then,

(
lm

G~1,...,n!5 f ~ i , j ! (
H lm
l i5l j

J
G~1,...,n!

f~ i , j !

1 f * ~ i , j ! (
H lm
l iÞl j

J
G~1,...,n!

f~ i , j !
. ~A3!

We can rewrite the sum over the spins whenl iÞl j as the
difference between the sum over the spins without c
straints and the sum over the spins whenl i5l j , so that

(
lm

G~1,...,n!5 f †~ i , j ! (
H lm
l i5l j

J
G~1,...,n!

f~ i , j !

1 f * ~ i , j ! (
$lm%

G~1,...,n!

f~ i , j !
, ~A4!

where we used the relationf †( i , j )5 f ( i , j )2 f * ( i , j ). The
last sum($lm% on the right hand side is now performed ov
all spin configurations without constraints. Let us no
choose another pair of spins, sayl i andlk ~if such a bond
exists!. Repeating the previous procedure, we obtain tha

(
lm

G~1,...,n!5 f †~ i , j ! f †~ i ,k! (
H lm
l i5l j 5lk

J
G~1,...,n!

f~ i , j !f~ i ,k!

1 f †~ i , j ! f * ~ i ,k! (
H lm
l i5l j

J
G~1,...,n!

f~ i , j !f~ i ,k!

1 f * ~ i , j ! f †~ i ,k! (
H lm
l i5lk

J
G~1,...,n!

f~ i , j !f~ i ,k!

1 f * ~ i , j ! f * ~ i ,k! (
$lm%

G~1,...,n!

f~ i , j !f~ i ,k!
.

~A5!
1
in

-
t

h

-

This argument can be easily generalized to all pairs
spins. Let us consider one of the sums into which the fu
tion (lm

G(1,...,n) has been decomposed a step before,

consider a pair (m,n) such that the bondf(m,n) exists in
the chosen diagram. Two possibilities arise.

~1! Previous constraints already determine thatlm5ln
~for example, there could be somep for which lm5lp and
ln5lp!. Then,

(
H lm

previous
constraints

J
G~1,...,n!

f~ i , j !•••f~ l ,k!

5 f †~m,n! (
H lm

previous
constraints

J
G~1,...,n!

f~ i , j !•••f~ l ,k!f~m,n!

1 f * ~m,n! (
H lm

previous
constraints

J
G~1,...,n!

f~ i , j !•••f~ l ,k!f~m,n!
,

~A6!

where we have used the fact that iflm5ln , then
f(m,n)5 f †(m,n)1 f * (m,n).

~2! Previous constraints do not determine thatlm5ln .
Then the situation is as it was for the pair (i , j ), and the sum
will split in the following way:

(
H lm
constraintsJ

G~1,...,n!

f~ i , j !•••f~ l ,k!

5 f †~m,n! (
H lm :...
lm5ln

J
G~1,...,n!

f~ i , j !•••f~ l ,k!f~m,n!

1 f * ~m,n! (
$lm :...%

G~1,...,n!

f~ i , j !•••f~ l ,k!f~m,n!
, ~A7!

where in the second term on the right hand side no n
constraint has been introduced.

The geometrical mapping follows because in case~2!, ev-
ery time a factorf † appears, we have a new constraint for
ing the two spins to be parallel. On the other hand, in
percolation model, such a factor implies that the two vertic
are connected, and therefore belong to the same clu
When a factorf * appears, no new constraint is added, so t
the two vertices can be assigned spins at random. In case~1!,
on the other hand, the two spins are already forced to
parallel by virtue of some previous constraints. According
the foregoing argument, this means that they are both c
nected~at least indirectly! to some other spin and therefor
that they already belong to the same cluster. In this cas
does not matter anymore whether these vertices are
linked directly ~a factor f †! or not ~a factor f * !. Hence, we
see that vertices which belong to the same cluster in
percolation picture must be assigned parallel spins while
clusters themselves have randomly assigned spin values
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When all pairs have been covered, the set of constrain
a particular sum specifies exactly which particles belong
which clusters in the original bond-percolation model co
figuration. Since the expression for(lm

G(1,...,n) contains
sums over all possible constraints, it can be rewritten a
sum over all possible clusterings of the original percolat
configuration. Thus let us define

P~conn![ )
H all

bound
pairs
~ i , j !

J
f †~ i , j ! )

H all
unbound

pairs
~m,n!

J
f * ~m,n!. ~A8!

Then we can write that

(
lm

G~1,...,n!5 (
H all possible

connectivity
states

J
(

H lm consistent
with the

connectivity
state

J
P~conn!,

~A9!

where the sum over all spins is consistent with the conn
tivity state in the sense of the geometrical mapping, i.e.,
all vertices within a single cluster must be assigned the s
spin.

If we now assume that two vertices are connected with
unnormalized probabilityf † and disconnected with an unno
malized probabilityf * ~see Sec. IV!, we have the interpre
tation thatP(conn) is the unnormalized probability of find
ing a specific percolation configuration of connected a
disconnected vertices. Therefore, given a funct
F(1,...,n) defined in the percolation model, of the coord
nates of the vertices, we can define its ‘‘average’’ as

^F~1,...,n!&p5 (
H conn
statesJ

P~conn!F~1,...,n!. ~A10!

Similarly, we can have averages performed in the s
model, which will be denoted bŷ &s . Given a quantityG
defined in the spin model, we have

^G~1,l1 ;...;n,ln!&s5 (
$lm%

G~1,l1 ;...;n,ln!)
i . j

f~ i , j !.

~A11!

Note thatl1 andl2 are assumed fixed. Equation~A9! now
implies that in general, for any quantityG(1,l1 ;...;n,ln)
defined in the spin model, we have that

^G~1,l1 ;...;n,ln!&s5K (
$lm :cl%

G~1,l1 ;...;n,ln!L
p

,

~A12!

where($lm :cl% means a summation over all spin configur
tions which are consistent with a given clustering in t
sense of the geometrical mapping~i.e., such that all the spin
in a single cluster are parallel!.

This fundamental relation allows us to relate to each ot
quantities in the percolation model and quantities in the s
model. In particular, let us consider the functionV( i , j ) de-
fined in the percolation model as
of
o
-

a
n

c-
at

e

n

d
n

n

-

r
in

V~ i , j !5 H1 if i , j belong to the same cluster
0 otherwise.

~A13!

If we now denotePcl(1,2) the probability that the two white
circles labeled 1 and 2 belong to the same cluster, then

Pcl~1,2!5^V~1,2!&p . ~A14!

We shall now prove that

^V~1,2!&p5 lim
s→1

K 1

s21 (
l1 ,l2

c~l1!c~l2!L
s

, ~A15!

where c~l! equals (s21) if l51 and 21 otherwise@see
Eq. ~1.3!#.

By using the fundamental relation Eq.~A12!, we have

K 1

s21 (
l1 ,l2

c~l1!c~l2!L
s

5K 1

s21 (
$lm :cl%

(
l1 ,l2

c~l1!c~l2!L
p

.

~A16!

We now separate the average on the right hand side into
parts: whenl1 andl2 belong to the same cluster and whe
they do not. Then, from the definition of the percolatio
average, Eq.~A10!,

K (
$lm :cl%

(
l1 ,l2

c~l1!c~l2!L
p

5 (
H conn
statesJ

P~conn! (
$lm :cl%

(
l1 ,l2

c~l1!c~l2!V~1,2!

1 (
H conn
statesJ

P~conn! (
$lm :cl%

(
l1 ,l2

c~l1!c~l2!

3@12V~1,2!#. ~A17!

The first sum contributes only ifl1 , l2 belong to the same
cluster, while the second contributes only if they belong
separate clusters. Because of the geometrical mapp
c(l1)5c(l2) in the first sum. Also, in the sum ove
$lm :cl%, every cluster other than the one containingl1 and
l2 contributes a factors, the number of possible spin assig
ments. The cluster containingl1 andl2 , on the other hand
contributes a factor (s21)2 if l15l251 and (21)2 for the
(s21) other possible choices forl15l2 . Therefore

(
$lm :cl%

(
l1 ,l2

c~l1!c~l2!V~1,2!

5sK21@~s21!21~s21!~21!2#V~1,2!, ~A18!

whereK is the total number of clusters in the configuratio
Hence,
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(
H conn
statesJ

P~conn!

s21 (
$lm :cl%

(
l1 ,l2

c~l1!c~l2!V~1,2!

5 (
H conn
statesJ

P~conn!sK21~s2111!V~1,2!

5^sKV~l1 ,l2!&p . ~A19!

The second term on the right hand side of Eq.~A17!
contributes only ifl1 , l2 belong to different clusters. Th
cluster containingl1 contributes a factor (s21) if l151,
and a factor (21) in all the other (s21) cases. The sam
holds for the cluster containingl2 . The K22 remaining
clusters each contribute a factors. Since the values ofl1 and
l2 are assigned independently of each other, we have th

(
$lm :cl%

(
l1 ,l2

c~l1!c~l2!@12V~1,2!#

5sK22@~s21!1~s21!~21!#2@12V~1,2!#50.

~A20!

Combining Eqs.~A19! and ~A20!, we see that

lim
s→1

K 1

s21 (
l1 ,l2

c~l1!c~l2!L
s

5^V~1,2!&p . ~A21!

Now, separating the casel15l2[s from the casel1
[sÞl2[j, we have that

K (
l1 ,l2

c~l1!c~l2!L
s

5(
s

c2~s!R~s,s!

1 (
sÞj

c~s!c~j!R~s,j!, ~A22!

where

R~l1 ,l2![ (
l3 ,...,ln

G~l1 ,l2 ,l3 ,...,n!, ~A23!

in which we have written explicitly the spin variables in th
function G(1,2,...,n) for clarity. It is important to see tha
because of the summation overl3 ,...,ln , R(l1 ,l2) is in-
dependent of the specific value ofl1 and l2 , and depends
only on whether they are equal. Because of this, we n
have that
t

w

(
s

c2~s!R~s,s!5~s21!2R~a51,a51!1~s21!

3~21!2R~s5a,s5a!, ~A24!

wherea is some arbitrary value of the spin different from
The factor (s21) in the last term on the right hand sid
represents the possible choices of this spinaÞ1. As a result,

lim
s→1

1

s21 (
s

c2~s!R~s,s!5 lim
s→1

R~a,a!, ~A25!

whereaÞ1, but is otherwise arbitrary.
Similarly,

(
sÞj

c~s!c~j!R~s,j!5~s21!2@R~1,a!1R~a,1!#

1~s21!~s22!R~a,h!,

~A26!

whereaÞh are arbitrary values of the spin which are bo
different from 1. As a result,

lim
s→1

1

s21 (
sÞj

c~s!c~j!R~s,j!52 lim
s→1

R~a,h!. ~A27!

Combining Eqs.~A25! and ~A27! we have that

lim
s→1

K 1

s21 (
l1l2

c~l1!c~l2!L
s

5 lim
s→1

@R~a,a!2R~a,h!#,

~A28!

where a,hÞ1 and aÞh. Comparing with Eqs.~A14!,
~A21!, and~A23!, we finally obtain that

Pcl~1,2!5 lim
s→1

F (
l3 ,...,ln

G~a,a,l3 ,...,ln!

2 (
l3 ,...,ln

G~a,h,l3 ,...,ln!G . ~A29!

For the specific example of the four-vertex graph mention
at the beginning of this section, for example, this means
nd that
t paper.
~A30!

This clearly holds for all the diagrams in the CDF expansion. If we restore the integration on the black circles, we fi
this proves the equivalence, diagram by diagram, of the CDF algorithm and the expansion we derived in the presen
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