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Theory of continuum percolation. Ill. Low-density expansion
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We use a mapping between the continuum percolation model and the Pott&aflsydtem of interacting
s-state spins which are free to move in the continuum derive the low-density expansion of the pair
connectedness and the mean cluster size. We prove that given an adequate identification of functions, the result
is equivalent to the density expansion derived from a completely different point of view by Coniglio, DeAn-
gelis, and Forlan[J. Phys. A10, 1123(1977] to describe physical clustering in a gas. We then apply our
expansion to a system of hypercubes with a hard core interaction. The calculated critical density is within
approximately 5% of the results of simulations, and is thus much more precise than previous theoretical results
which were based on integral equations. We suggest that this is because integral equations smooth out overly
the partition functiorti.e., they describe predominantly its analytical pasthile our method targets instead the
part which describes the phase transitipa., the singular part[S1063-651X97)07107-9

PACS numbds): 64.60.Ak

I. INTRODUCTION proximate calculation based on some integral equations
analogous to those encountered in the theory of liql#ds
Two previous papers in this serigk|, hereafter referred This approach yielded finally a theoretical prediction of the
to as | and Il, presented a general formalism of continuunpercolation threshold, but the results remained only qualita-
percolation[2], where the system consists of classical par-tive, discrepancies of up to 40% with computer simulations
ticles interacting through a pair potentia(r; ,r;), such that being commor{10,11].
they can also bindor conneckto each other with a probabil- Recently, however, Alon, Drory, and Balbef$2] and
ity p(fi,r;j). Such a model is useful to describe microemul-Drory et al. [13] obtained quantitatively adequate results
sions[3], composite materialgt], or some properties of wa- from the expansion of Coniglio, DeAngelis, and Forlani, by
ter[5]. In this model, the clustering depends on the density using the density expansion directly instead of integral equa-
of the particles. As the density increases, so does the medions. This posed a curious problem, because the critical den-
cluster sizeS. At a well defined critical density., S di-  sity is not low enough to suggest that a power expansion
verges, which signals the appearance of an infinite clusteshould work. On the other hand, the expansion of Coniglio,
This is the percolation phase transition. Its critical behaviorDeAngelis, and Forlani had been developed to describe
(i.e., the critical exponentsseem to be identical to the be- physical clustering in a gas, and its extension to general con-
havior of lattice percolatioiisee, however, a recent work by tinuum percolation models was based on extensive analo-
Okazakiet al.[6] which claims differently but the percola- gies. It seemed that a more solid theoretical foundation was
tion threshold—the critical density—is sensitive to all the needed for continuum percolation before this puzzle could be
details of the system. addressed. Such a foundation has been laid in | and Il, and
The early theoretical attempts to calculate the percolationve can now treat the problem of density expansions from a
threshold culminated with the introduction by Balbexigal.  fresh point of view. The formalism presented in | and Il is
of the notion of a critical total excluded voluni®, [7]. The  based on a quantitative mapping between the percolation
excluded volume is the volume around one particle of thenodel and an extension of the Potts model, the Potts fluid.
system in which the center of a second particle must be iWe have only recently learned that such a mapping had al-
order for the two particles to be connected. The total ex+eady been introduced in 1982 by Kldib4]. This was then
cluded volume of the system is therefore another measure dfirther elaborated by Givef15], Given and Klein[16], and
the number of particles in the system, i.e., of the densityGiven and Stell[17]. These authors used the mapping to
When measured in this way, the numerical value of the pergenerate a Born-Green hierarchy of equations for the
colation threshold seemed to be relatively insensitive to th@-connectedness functioihich are to percolation systems
shape of the particle@nlike the density itself It was there-  what n-correlation functions are to liquiglsand from there
fore considered an approximately universal quantity. How+to derive several integral equations and various bounds on,
ever, this concept could not take into account other propere.g., the mean cluster size. We think these results and ours
ties of the system, such as interactions between the particleshould be viewed as complementary. The earlier develop-
nor could it explain the remaining dependence of the percoments of Klein, Given, and Stell were made along the lines
lation threshold on the details of the system. adopted in chemical physics and the theory of liquids, i.e.,
In 1977, Coniglio, DeAngelis, and Forlani proposed a dif- mainly integral equations ana-connectedness function hi-
ferent approach, based on a density expansion of the meamarchies. Our research, on the other hand, follows the lines
cluster size[8]. This in turn served as the basis of an ap-adopted in the statistical mechanics theory of critical phe-
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nomena, i.e., mean field theory, exact solutions of simplified h@(%,a;¥,7) =92 (X,a;¥,7)— 1. (1.9

models (e.g., one-dimensional systenp$8]), and various

perturbative expansions. The two approaches thereforghis function tends to zero whgR—y|—o.

complement each cher to yield a comprehensive theory of Any continuum percolation model defined byi,j) and

continuum percolation. p(i,j) can be mapped onto an appropriate Potts fluid model
For easy reference, we recall here the essential definitiongith a pair-spin interaction defined by

and results. The-state Potts fluid is a system bif classical UG i=o(i i

spins {\;}!\_; interacting with each other through a spin- (Lp=v(b)), (1.10

dependent pair potentisd(; ,\; ;' ,\j), such that exd — BW(i,j)1=q(i,j)exd — Bv(i,i)],

V(ri:)\i;rjy)\j)EV(hJ): W(FHF]) |f )\|¢)\J where o o
(1.1 q(ri,r)=1-p(r;,r) (111
The spins are coupled to an external fiéiff) through an s the probability of disconnection.
interaction Hamiltonian The relation between the Potts magnetization and the per-
N colation probabilityP(p) is
Hin== 2, #O\A(), (1.2 lim lim limM=P(p). (1.12
h—O0N—w©s—1
where " N i
TN For densities lower than the critical denspy, the sus-
W)= s—1 i a=1 (1.3 ceptibility is directly related to the mean cluster si&e
-1 if A#1L '

lim lim limy=8S (p<po). (113

Up to some unimportant constants, the Potts fluid parti- h—O0N-—s—1

tion function(more precisely, the configuration integré An important quantity in the percolation model is the pair

1 connectedness functiay (X,y), the meaning of which is
Z:Wz drl...drNexp[—ﬁZ V(i) e q{](ﬁy) 9
C N i>] p(X)p(¥)g'(X,y)dx dy

N - .- . .
) = (probability of finding two particles in
+B2, h(i)y(\y) . (1.4 _ N
i=1 regions dX and dy around the positions
The magnetization of the Potts fluid is defined as X and y, such that they both belong
M:#’“_nz (1.5 to the same clustgr (1.19
BN(s—1) o¢h ’

) ) ___ This function is related to the mean cluster size by
whereh is the now constant external field. The susceptibility

IS S=1+pJ’ df g'(r), (115
oM
X= é’_h (16) .
where we assume, as we usually shall, that the system is
translationally invariant, so thag'(X,y)=g'(x—Yy) and

The n-density functions of the Potts fluid are defined as ~, .\~ -
p(X)=p(y)=p.

1 The pair connectedness is related to the Potts pair corre-
(ny(p - -~ Fooodr p p
PN 30 M) = 20 fdr”“ dry lation functions by
g'(x,y)=lim[g'®(X,0;¥,0)—g'®(X,0:¥,7)]
xexg — B>, V(i,j) s—1
=i

=lim[h?(X,0:y,0)—h?(X,0:¥,7)], (116
s—1

. (1.7

N
=B, h(i)g(\)

=1 where the spingr and » are arbitrary except for the condi-
tionso, n#1 ando# 7.

Recently, Drory has applied this formalism to a nontrivial
one-dimensional model and managed to obtain its exact so-

1 D et lution [18]. Continuing the investigation of the usefulness of
m p (X ay,7), 1.8 this formalism, we consider in the present work the region

p<p. and derive series expansion in powers of the density

which tends to 1 whefXx—y|—. Here p(X) is the local for the mean cluster size and the pair connectedifes
numerical density. It is often useful to define a spin correla-percolation probability, on the other hand, vanishes identi-
tion functionh®(x,a;y,v) as cally for these densitigsTo do this we introduce in Sec. Il

Of particular interest is the spin pair-distribution function
9@(X,a:¥,7), defined as

9P (X, a:y,7)=
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the spin-functional differentiation, which is a simple gener-wheredF is the change itF associated with a variatiot in
alization of the usual functional differentiation. With this t(f,\). The only difference with the usual functional deriva-
tool, we easily obtain a diagrammatic expansion of the reltive is in the added summation over the spin variable. It is
evant quantities in Sec. Ill. Section IV compares this expaneasily seen that this does not change any of the basic prop-
sion to the one derived by Coniglio, DeAngelis, and Forlani;erties of the functional derivative operator. In particular, we
from a completely different starting poiff8]. Section V then have(see, e.g., Hansen and McDona8]) that

applies the general results to a specific case, the extended

hypercube models. The results are presented in Sec. VI. Fi- St(X, a) = 5(X—Y)8 (2.5
nally in Sec. VII we discuss the reasons for the quantitative St(Y,y) “r? '
success of the present approach, compared with the inad-
equacy of previous analytical attempts. and
5
Il. SPIN-FUNCTIONAL DIFFERENTIATION N U dz > t(ZN)|=t(¥, 7). (2.6)
L 7\

The mathematical properties of the Potts fluid are veryrpq equivalent of the change of variable formula is now
similar to the corresponding ones for a classical fluid. In the ~ _
. 6F  Su(¥,\)
dy >

following derivations, we therefore follow very closely the S5F J
. Ov(Y,\) Su(X,a)’

presentation of Hansen and McDonald of the theory of clas- Su(X, @) = 2.7
sical fluids[9]. Occasionally we shall skip some mathemati-
cal details which are identical for the Potts fluid and for the By a generalization of E¢(2.6), we now have that
classical one. - .

Since all the quantities in which we are interested are 65 D N fdz---dN
expressible as statistical averages, we may choose to work ingz* (x,«) ~ &4 N!
the grand canonical ensemble rather than in the canonical

one. T o
The grand canonical partition functid® is given by ><x EX |H2 z (l,?\i)il;[j exd —BV(i,j)],
TV =
3 N
1
=3 mfo|1--~o|N > T i) 28
=0 L U i= N - ; -
N Mo = wheref; =X and\,= a. Therefore, comparing with the defi-
1’_“[ nition of the n-density functions, Eq(2.3), we have that
X exd —BV(i,j)1, (2.1 ~ _
] ﬁ: B ( J ] Do B Z*()?,a) 55 e ) |nE
where P Ra)= E o7 (Xa) - (Ra) 87" (X,a)
2.9
Zﬂﬁﬁz 3/2 ( )
zZ* (i ,Ai)=( = ) exd Bu+Bh(i)y(\))] (2.2  Animmediate generalization yields
1
is the generalized activity. Herey is the mass of the par- pM(Lag;...inan) == 2*(Lay) 2" (N, ap)
ticles (the sping, w is the chemical potential, and is . _
Planck’s constant. "=
The n-density functions are now defined to be X 52 (Lay)- 02" (May)
p(n)(l?l!)\l;'--;f)nv)\n) (21@
_ é i " 1 - f dF.. oo dfy In particular, combining Eq92.9) and(2.10, we have that
= N=0 —-n . = -
§ pP(%,a;¥,7)—p P (X, @) pP(Y,y)
N N _
X 2 (i )\ exd —BV(i,j)]. . . 8 InE
o2 Lzl et = pvii.ng =2 (X,a)2*(7,) (219

87" (X,a) 8% (¥,y) "

(2.3 N . . .

A useful identity is obtained by using E¢2.5 in con-

Paper Il presented a generalization of the functional dejunction with Eq.(2.9),
rivative, which will be called hereafter the spin-functional ~ (D

derivative. Let 7{t(f,\)] be a functional of the function 5p (X, @) —7*(¥,y) g

t(F,\), which depends on a position variablas well as on SIn[z*(¥,y)] Y.y 8Z* (Y,7)

an associated discrete spin variable Then the spin-

functional derivativedF 6t is defined through the relation

SF XpM(Y,9)hP(X,a:¥,7), (212
= | dF D) ——=— St(F,\) (2.4
OF Jdr SN N,

5 o 5InE
Z(Re) SE R

=pM(X,@) 8(X—¥) 84,y + p M (X, @)

where we have used EgR.11), (1.8), and(1.9).
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By analogy with fluid systemf9], let us now define the
spin direct correlation function(X,«;y,vy) as
) S I[p V(R @)/z* (X, a)]
c(X,a;y,y)= 5p (Y, 7) .
Then, with the identity Eq(2.5), we have that

Sin[z*(Xa)] 1
oV, y)  pP(Xe)

(2.13

S(R—Y) 8y~ X, @1, 7).
(2.14)

Finally, from the change of variable formula, EQ.7), we
have that

Iz (X,a)]
78 In[Z*(Y,7)]
[ d[ZF(Ra)] SpP(EN)
_f dzg spV(Z,N)  SIn[z* (Y, )]
(2.15
Substituting Egs(2.12 and(2.13 into Eq.(2.19, we find

S(X—y)d

h<2><>z,a;y*,y>=c<i,a;v,y>+f 0z
A

X pD(ZN)e(X,a;Z0)hP(Z,\:¥,7),

(2.16
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wherep(Z) is the local density ai. For the same reason, we
also have that

h@(X,a;y,a)=h?(X,y;¥,7), (2.19
h2(%,a;¥,7) =h@(X,a;¥,\),

for any spinsy, A # «, and other similar relations. Then we
can rewrite Eq(2.17) as

h(z)()?,a;)?, a)— h(z)(i,a;y, v)

=c(X,a;y,a)—c(X,a;y,y)

1

+gfdz p(2)c(X,a;Z,a)h?(Z,a:¥ )
s—1

+ f dz p(Z)c(X,@;Z,9)hD(Z,v:¥,7)
1

—gfdz p(2)c(X,a;Z,a)h'?(Z,a:¥,7)
1

s f dZ p(2)c(X,a;Z,7)h'?(Z,a;y, @)

s—2
=22 [azp@eazyh@@yyy. 220

which is the equivalent, for the Potts fluid, of the classical
Ornstein-Zernike relatiortsee, e.g., Hansen and McDonald Finally, we can take the limis— 1. Equation(2.20 then

(9. - . _ becomes
To find out the implications of this for the percolation

system, let us substitute E(.16) into the definition of the
pair connectedness, E(L.9. Then, we have that

h (%, a:;y,a)—h@(X,a:¥,y)

=c(X,a;y,a)

+ f dz pY(Z,a)c(X,a;Z,a)h?(Z,a;¥,a)

+Jd22
NFa

—C()?,a;)?,y)—f dz p(l)(f,a)c()?,a;f,a)

pP(E N (X, a;Z,NhP(Z N Y, a)

XhD(Z,a:,y) f dz p (2, y) (%, aiZ,)

Xh2(Z,7:5,7) f 4z S pUENCR @ EN)
NFa
ANFy

XhP(Z\;¥,7). (2.17

We use now the fact that fogs<p. the symmetry of the
system is unbroken and therefore

1
pPM(EN)= S p(D), (2.18

im[h?(%,a;¥,a)—h@(X,a:¥,7)]

s—1

= |im[[c(>z,a;>7,a)—c(>?,a;>7, 021

s—1
+j dZ p(2)[c(X,a;Z,a) —C(X,a;Z,7)]
X[h?(Z,a;¥,a)—hP(Z,a;y,7)](. (2.2D

We can now define a percolation direct connectedness func-
tion c'(X,y) as

(2.22

cl(x,y)=lim[c(X,a;y,a)—c(X,a;¥,)].
s—1

Equation(2.21) then becomes, with the help of the definition
of the pair connectedness, H(J.16),

o'k =c'ky)+ [ 02 (21’222
(2.23

which is the percolation analog of the Ornstein-Zernike rela-
tion. This relation will prove useful in the next section.
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. DIAGRAMMATIC EXPANSION Then we have from the definition &f(i,j), Egs.(1.1) and

The density expansion of the pair correlation of a Potts(l'lq’ that
fluid is obtained by following the steps leading to the corre-

sponding density expansion for a classical fluid, once some I A (UTRL) B e Y
simple generalizations have been made. The following there- URSHIRS (75, 7)) if Ni#A. 34
fore follows closely the derivation presented in Hansen and
McDonald[9]. The grand canonical function is now
First, let us define the Potts equivalent of the Mayer 9
function, as N
L - I - - ! _
d(Fi 5T N ) =(i,))=exd — BV(Fi AT 8 )]— 1. E= —lfdl---dN > I zin
(3.1 N=o0 N! My 21
N
Let us now denote -
I 1+ (0] (35
i>]

f(Fi,Fﬂ=exr{—ﬁv(ﬂ,l’])]—l, (32)
f*(ri, ) =q(f;,r)exd — Bu(r;,r)]—1. (3.3 This expression is best represented diagrammatically, as

——e +

(1]
1

p—
+
[ ]

...|_
[ ]
[ ]
+

+/.,+ /\ + A + . (36

In these diagrams, each circle corresponds to a funeti¢nA;), and is therefore associated with a discrete spin variable as
well as with a position coordinate. Each line corresponds)€o,j). For eachblack circle we integrate over the space
coordinate and sum over the spin coordinate. For example,

— :\/dﬁdaZZZ*(ﬁv/\i)Z*(Fjﬂ\j)¢(ﬁv/\i;7:}7)‘j)' (3.7
Ai Ay

We will also havewhite circlesover which there is neither integration nor summation. Note, finally, that the symmetry factor
of the diagrams, being a purely combinatorial quantity, is the same here as for the usual diagrams without spin variables. While
this is not necessarily so when the lines can stand for different functions as they can here, nevertheless it remains true because
the identity of the lines is uniquely determined by spin variables which are then summed upon.

It is now easy to see that all the usual definitions and theorems which hold for the usual spinless diagrams hold also for the
spin diagrams introduced here. In particular, the Morita-Hiroike lem(ses, e.g., Hansen and McDonald
[9]) hold here as well, provided the functional derivatives which appear in them are generalized to be the spin-functional
derivatives introduced in the preceding section. For example, we have the following generalized lemma.

Lemmal If T is a diagram consisting of bladkr,\) circles and¢ bonds, we have that

m={all diagrams obtained by replacing a blatkcircle of I' by a white 1 circle labeledX,«)}. (3.8

From another lemma of Morita and Hiroike, we have immediately the¢ Hansen and McDond]él])

i

In E={all simple connected diagrams consisting of black circles and¢ bond$

= o + eo—e + A + /N + (3.9

from which we can show that
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In[ pV(X,a)/z* (X,a)]={all simple diagrams consisting of one white 1 circle labeletla),
one or more blackp? circles and¢ bonds, such that they are free of connecting cilcles
(3.10

A connecting circle is a circle the removal of whi¢along with the bonds which emerge from @auses the diagram to
become disconnected.
From Eq.(2.13 and the lemm43.8), we immediately obtain that

c(X,a;¥,y)={all simple diagrams that consist of two white 1 circles labelgdw), and (Y,y),

black p'¥ circles and¢ bonds, and are free of connecting cirgles

e v AT -

In all these diagrams, one of the white circles is labeled IV. EQUIVALENCE WITH
(X,a) and the other is labeled/(y). CONIGLIO-DeANGELIS-FORLANI EXPANSION

The Ornstein-Zernike relation, E(.16), now determines . .
h(). For vanishing magnetic field=0, we have significant In 1977, Coniglio, DeAngelis, "’1”9' Forla(@DF) [8] ob-
simplifications, sinceM(z,\) = (1/s) p, wherep=(N)/V is tained a density expansion fa'(X,y) from a completely
the usual aensity F;thhermore'h(z)(i @:y,7) and different point of view. We discuss now the connection of
c(X,a:y,y) now depend onx—y provided uv(X.y) the pre_se_nt work to the CDF expansion. o
=u(%—Y) andp(X,¥) =p(X—Y), which we always assume. Coniglio, DeAngelis, and Forlani start by considering a
In this case, the Ornstein-Zernike relation is very simple inClassical fluid(no sping, where the interparticle interaction
Fourier space, i.e., isv(i,j). For this fluid, the classical Ornstein-Zernike direct
correlation functionc¢(X,y) has a density expansion given
by Eq.(3.11), except that the white 1 circles are labeled just

5(2)(|2,a’7): c(k.a, z/) ’ (3.12  Xandy and the bonds represent the Maydunction defined
1—(pls)c(k,a,y) asf(i,j)=exgd —pBv(i,j)]—1, in the same notation used here
in Eq. (3.3). Coniglio, DeAngelis, and Forlani then assume
where that the Mayerf function can be decomposed into a sum

f(i,))="F"(i,j)+f*(i,j) wheref' is related to the particles
~ . - being connected anf to their being unconnected. The spe-
h(z)(k,an’):f dx e KYNA(R a3y, ), cific definitions off' and f* used by Coniglio, DeAngelis,
and Forlani are relevant only to physical clustering in a gas,
. but the assumption of the decompositionfdf,j) was ex-
6(I2,a,y)=f dx e*ik<?*9>c(>z,a;y,y). (3.13 tended by analogy to other systems by several workers
[3,10,11. If we takef* as formally defined here in E¢B.3),
which is natural since this function is directly related to the
probability of the two particles being unconnected, we find
that

Going now to the percolation picture, we notice that Eq.
(1.195 for S can be rewritten

S=1+pg'(0). (3.14

T . . — . . _ * . . — . . _ . .

From the definition ofg’, Eq.(1.16), and from Eqs(2.23, PED=tan=rn=pa.jexg = pgo.p]. 4.1
(2.22, and(3.12, we have now

This result is satisfying sincg' turns out to be directly pro-

S= 1A = _ 1 _ _ portional to the probability of the two particles being con-
1-pc'(0)  1—plim[c(0,a,a)—E(0,a,7)] nected.
e Coniglio, DeAngelis, and Forlani then replaéein the

(3.15  diagrammatic expansion afi(X,y), with the sumf’+f*,
and consider all the decomposed diagrams thus obtained, in
This equation, together with the expansion ofwhich every bond is either aff or anf* function. The sum
c(X,a;Y,7), Eq.(3.11), defines an expansion &fin powers of all the diagrams which contain at least one continuous
of the density. The critical density, is the radius of con- path of f* functions between the white 1 circles, they con-
vergence of this series, which we can find by using standarsider to bec’(X,y), while the remainder is called* (X,y),
methods of convergence analy$iee, e.g., Ref$19,20). so thatc(X,¥)=c'(X,¥) +c* (X,).
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It is hardly obvious now that this algorithm agrees with { °

the expansion obtained here. Indeed, the funcfibmever : . — " + . . (4.2
appears in the present expansion. Nonetheless, the two fc 00 | O OO0 ’
mulations are equivalent. where a double line denotes a functibh(i,j), and CDF
Thlrhe?‘orn !l;gaé?;;ﬁcri]tglgssgsgfriirzxg);ncs;?ﬁg[diag_ran] on the left hand side means th_e result of the CDF
® o algorithm when applied to the given diagram. The dotted
the diag : Y In this diagram, every dotted line de-lines on the right hand sidé bonds arise because once a
OO continuousf’ path exists, all the diagrams obtained from
notes a functiorf(i,j). Then, if we consider all the diagrams further replacements df bonds byf' bonds andf* bonds
obtained by replacing everfybond by either arf* bond or  must be counted. This sum can be expressed more compactly
an f* bond in all possible ways, and keep only those dia-by keeping the originaf bonds.
grams which contain a continuod$ path between the two We now wish to prove the equivalence of this scheme to
white circles, we obtain the one we have developed here, i.e.,

’ ..... . )
CDF | &6 | =lm I:l - : 43
a o« a 7

where on the right hand side, every diagram is of the spin type, and every full line represents a fé¢ficdpnTo simplify
still further, let us ignore the integration over the coordinates of the black ciftolgsot the summation over spins in the spin
diagram$. The integrals can then be added at the end of the proof. E.g., in this section we shall assume that

° -0 ?‘ .... i
(:) _____ O :? ..... g :f(173)f(374)f(472)f(172)7 (4.4)

and

3 4
1 - 5 sase60,260.2) s

la 2,5 ®M

where the labels 1,2,3,4 denote the spatial coordinates of th®y dividing by the proper product df functions. With this
vertices. Note that in the last diagram;=a, N\,=7 are  convention, every diagram obtained from the CDF algorithm
fixed, but we sum over the sping and\,. now represents th@innormalized probability of a specific

With this convention, we are ready to prove the equiva-configuration of open and closed bonds on the four-vertex
lence of the two formulations. To do this, let us definegraph. E.g., consider

a ne yercolatioll problem on the four-vertex

* 4.6
graph l:l In this new problem, every bond can bel **E = ft(lv3)ff(3’4)ft(4a2)f (1,2), 4.9

where a line of represents a functiofi . The same diagram
either “open” (in which case its two ends are said to be can also be thought of as a configuration of open and closed
connectedl or closed(in which case the ends are discon- bonds on the four-vertex graph, by letting a double line rep-
nected. Let us further assume that the bond connecting theesent an open bond and *aline a closed bond. This
verticesi andj is open with a probability '(i,j) and closed geometrical configuration occurs with a probability
with a probabilityf* (i,j). Formally these are not true prob- f7(1,3)f7(3,4)f7(4,2)f*(1,2), which is just the value of the
abilities since their sum is not normalized to 1, but this is ofequivalent diagram, Eq4.6). Every diagram therefore func-
no importance. One can always normalize the probabilitiesions in a double capacity. On the one hand, it represents an
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actual configuration of open and closed bonds on some o o if for all 1<k<D, |x!‘—x}‘|<a
graph. On the other hand, it represents some functional v(I,J)=[0 otherwise (5.9
value. This functional value is just tHennormalizegl prob-
ability of the bond configuration represented by the same -
o K 9 P y o _[1 if for all 1<k=D, |x{~xf|<d 5o
grap . . PL.D=10  otherwise .2
Now, two vertices which are connected by a path of open '
bonds can be said to belong to the same cluster. In particulalr_|ence from Eq(3.3)
the (unnormalizedl probability that the two white circles be- ' ats-9,
long to the same cluster, denotBg(1,2), is the sum of all 1 if for all 1=k=D |x!‘—x'-‘|<a
the diagrams in which a continuous path of open bonds exf(r;, Fi)= [ . v XX (5.3
ists between these circles. This, however, is exactly the class 0 otherwise.
of diagrams selected by the CDF algorithm. Hence, ‘
o F —1 if for all 1<k=<D, |x& —-xjl<d 5.4
(fiT)=10  otherwise. (5.4
, . ..... .
Pa(1,2) = CDF O """ O . (4.7)  We choose this rather unrealistic system because for any

dimensionD the required calculations always turn out to be
much simpler for cubes than for the more realistic spheres.
Since the aim at present is to prove the usefulness of the
method rather than investigate a specific system, one should
not be overly troubled by this choice. Let us note, however,

that the spherical version of this model has been used to
Pcl(1 2) = ll_f)rll I:I l__—l (4.9 model microemulsion$3], so that it is at least mildly rel-

evant to some real systems. It is also the simplest model
which contains interactions, and therefore a good testing
case.

To probe this we show, by paralleling the derivation given in | et us now define two functions of a single variable,
I, that there exists a mapping of the new bond-percolation

Therefore what we now need to prove is that

problem onto ars-spin model. TherP(1,2) (which plays if |x|<a
here the part of the pair connectednessequal to the dif- Fl(X)=[0 it |x|>a (5.9
ference of two spin diagrams. The formal proof of this claim '
is given in the Appendix. It is easily seen to hold for every .
diagram in the CDF expansion, and shows therefore that this (x)=[ 1 if |x|<d (5.6)
expansion is indeed equivalent to the one derived here in the 2 if |x|>d. '
context of the Potts fluid.
Equations(5.4) can now be rewritten as
V. APPLICATION TO EXTENDED HYPERCUBES D
Let us see now how the expansion obtained in Sec. Il can f(x,... xP)= —iﬂl Fa(x'). (5.7

be applied to finding the critical densipt. The system we

consider consists dD-dimensional hypercubes which have

an impenetrablghargd core of sidea, surrounded with a x /ol Dy_ _ i

hypercubic permeable shell of side>a, so that two par- PO x5 H Fa(x). .8
ticles are bound if their shells overlap. In other words;if

=(x,...x") and F;=(x{,....x7) are the positions of two  We shall now calculate’ up to the second order ip

particles, then (i.e., up to square diagramsThe zeroth order is
. * D D
liy [o—o - o—o | = [az172) - (D] = (24 (1-P), 59
|
where we have defined the aspect rajias D ‘ ‘ o
Q(y)= f dx f(X H ” dXF (X)) F (X —y") .
a =
=3 (5.10 (5.1

It is precisely the factorization of this and similar integrals
For the first ordeftriangular diagram)s we need, e.g., the into a product of identical one-dimensional integrals that is
integral the main simplification afforded by the use of a cubic geom-
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TABLE I. The integrals contributed by triangular diagrams. The  TABLE Il. The integrals contributed by square diagrams with
first column is the notation and the last is the value. This value ifour lines. The first column is the notation and the last is the value.
the Dth power of the one-dimensional integral whose integrandThis value is theDth power of the one-dimensional integral whose
occupies the second column. The variableandy are integrated integrand occupies the second column. The variablgs andz are

upon. integrated upon.

I F1(X)Fi(x=y)F4(y) (3a?)P N F1(X)F1(Xx=Y)F1(2)F1(z—Y) (1?633)D

I, Fa(X)Fa(x=Y)F4(y) (4da—a?)® Jz F1(X)F1(X=Y)F2(2)F2(z—Y) (8da*~ %ag)D

I3 Fa(X)Fa(x=Yy)Fa(y) (3d?)P J3 F1(X)Fa(X=Y)F2(2)F2(z—Y) (6d?a— %aB)D
34 F2(X)F2(x—y)Fa(2)Fa(z—Y) (Fd%)°

etry. As a beneficial side effect, it allows us to check the o o _ _

influence of system dimensionality on the critical density. Similarly, the contribution from the square diagrams is
Q(Y) is very simple to evaluate when we realize thatdenoted (2)%°k;, and in the notation of Tables I-IV is

Jdx Fi(x)F1(x—Yy) is merely the overlap of two segments equal to

of length 2a, one of which is centered at the origin, the other DL 3 3 1

centered at the positiog. By direct inspection, we have (20)""kg=32J175J2+ 5J3— 3J, = 3K, + 3K, = 5K3+ 7K,

therefore that —10K5+%K6+%L1—L2—L3+%L4—L5.

2a—|y| if |y|<2a (5.17
0 if y|>2a, (.12

J'dx Fi(X)Fi(X—y)=
Substituting these results into E(B.15 vyields, for the

2d—ly| if |y|<2d mean cluster size,
f dx Fz(X)Fz(X_y):[O if |y|>2d, S
(5.13
B 1
2a if y|<d-a ~ 1-p(2d)°(1— 7°)— p%(2d)%Pk,— p3(2d)*Pks+ O(p*)
f dx Fi(X)F,(x—y)=4 d+a—|y| if d—a<|y|<d+a

0 if ly|>d+a. (5.18

(5.14 The critical density is commonly measured in dimension-

Let us consider a typical contribution from the triangular less units. Let us define

diagrams, e.g., the integrdldx dy F(X)Fo(x—y)F4(Y). B=(2d)°p, (5.19
In this integral, we interpret the terf, (y) as merely speci-
fying the limits of integration, i.e., determining thpt| <a. which is chosen to reduce to the total excluded volume when

Sinced>a, we have from Eq(5.13 that a—0 [7]. As mentioned in the Introduction, this reduces the
dependence of the density on the details of the system and
B facilitates the presentation of the results. Finally, using stan-
f dx dy ROOF2(x=y)F4(y) dard method§21], we find the series expansion for the mean
. cluster size to be
_ _ — _ a2
_f_ady“ dx Fo(x)Fo(x—y) | =4da-a” S=1+S,B+S,B2+5,B*+0(BY,  (5.20
(5.19  with
All the required one-dimensional integrals can now be cal- S;=1- 7°,
culated along the same lines. In fact, Eqs12—(5.14) suf-
fice to calculate all the triangular and square diagrams, ex- S,=k,+S2,
cept for the last fully connected square diagram which is a
product of sixF functions. For this diagram the previous Sy=k3+2Sk,+ Sf (5.21
arguments have to be generalized but it can be done easily
along the lines already presented. VI. RESULTS FOR HYPERCUBES

All the integrals we need are presented in Tables I-IV.
The first column in each table contains the notation of the To find the critical density, we need some extrapolation
integral, and the third column its value. All these integralsmethod which will yield the point of divergence of the series
areDth powers of some one-dimensional integfaise, e.g., (5.20. Unfortunately, we know very few terms in this series.
Eq.(5.11)]. The corresponding one-dimensional integrals ap-The results can be improved, however, by using additional
pear in the second column. information. In particularS diverges ass~(B.—B) 7, and

We now have, after some straightforward calculations,y appears to be universal, i.e., independent of the interaction,
that the contribution of the triangular diagrams, denotecnd furthermore, equal to the well known value it takes in
(2d)2Dk2, is, in the notation of Tables I-IV, lattice percolationBiased methodsse the known value of

to calculateB... There are several methods available, but for
(2d)%Pk,=1,—2l,+15. (5.16  the present use, the best seems to be the one developed by
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TABLE Ill. The integrals contributed by square diagrams with five lines. The first column is the notation
and the last is the value. This value is tbeh power of the one-dimensional integral whose integrand
occupies the second column. The variabley, andz are integrated upon.

Ky F1(Y)F1(0)F 1(x—Y)F1(2)F1(z—Y) (7a%)°

Ka F1(Y)F1(X)F1(x=Y)F2(2)F2(z—y) (Gdazfgas)o
Ks F1(Y)F2(X)Fa(x=Y)F2(2)F2(z—y) (8d23_4d3-2+%33)3
Ky Fa(Y)F1(X)Fa(x=Y)F1(2)F2(z—Y) (Sdaz_%)as)D
Ks Fa(Y)F1(X)Fa(x=Y)F2(2)F2(z—Y) (Gdza_daz_%as)D
Ks Fa(Y)F2(X)Fa(x=Y)F2(2)F2(z—Y) (%ds)D

Arteca, Fernandez, and Cas{®FC) [22]. The biased ver- performed with an efficient algorithm we introduced recently
sion of this method relies on the fact that the functionfor investigating continuum percolation with interactions
(B.—B)”S(B) is analytical aroundB.. Therefore we define [23]. Unlike the usual Metropolis algorithm, this method in-

a function of two variables, creases serially the density in the system until percolation is
y achieved. The effect of the interactions is included through a
g(u,B)z(l—E> S(B), (6.0 rejgction criterion v_vhich_produces an effectiv_e statistical

u weight for the configurations. The fin@bercolating con-

figuration contained close to 30000 particles in two and
three dimensions and around 10 000 in the higher dimen-
sions. The results are averages over ten independent runs and
the numerical error is estimated to range from 5% to 10%.
% Let us first consider the well reproduced qualitative be-
g(u,B)=>, gn(u)B", (6.2 havior of B;(%). The main features can be understood from
n=0 simple arguments. As pointed out by Begal.[3], the mini-
mum of B.(#) results from the competition between two
processes. As the diameter of the hard core increases, it be-
comes harder to bring particles close enough to each other
Z)(— u) kS, . (6.3  for them to bind. This effect clearly dominates at highAt
low 7, on the other hand, the hard core is much too small
relative to the soft shell to prevent binding significantly, but

mece(i;(u,B)f IS arr:.alr)]/ tical ‘fi“.: Btch the idea is now ;OtLOOk it increases the average distance between bound particles. As
or values ofu which maximize the convergence or the Se- , oq 1t the clusters are “longer,” and therefore percolate

ries{gn(u)},-, asn—o. The AFC proposal is to generate a “sooner,” henceB, is lower.

series{un},, of solutions of the equation The dependence ob is understandable in terms of the
ratio of the permeable shell volume to the hard core volume.

where we have assumed a known value forGiven an
expansionS=3,5,B", we can expandj(u,B) in powers of
B, with the result

where

gn(u)= >
k=0

9n(Un) =0 64 Clearly, this ratio increases with the dimensionality. There-
fore, at any giveny, the influence of the hard core dimin-
Th h
en we expect that ishes ad increases. As a result, the graphR( ) looks
lim u,=B,. (6. flatter, while the influence of the final singularity at=1 (at
N0 which there is no possibility of binding anymore and there-

fore no percolating phageis limited to regions of higher,.

In the case of the seri€5.20, we know the terms only up to  This also influences the feasibility of the simulations.
n=23, which is too little to extrapolate a reliable limit to the Clearly, the larger the hard core, i.e., the greatethe harder
series{up}._, . Therefore we take simply the last term of the it is to simulate the system. Hence, e.g., in two dimensions,
series,uz, as our estimate dB... we have no results beyongl=0.8 due to this difficulty. As

In Figs. 1-4, we compare this theoretical estimate to reD increases, however, highgbecome more accessible. Un-
sults of computer simulations for dimensions 2, 3, 4, and 5fortunately, it is generally harder to simulate high-
as a function of the aspect ratip. The simulations were dimensional systems, which is why we stoppe®at5. The

TABLE IV. The integrals contributed by square diagrams with six lines. The first column is the notation
and the last is the value. This value is tbeh power of the one-dimensional integral whose integrand
occupies the second column. The variabley, andz are integrated upon.

Ly F1(X)F1(Y)F1(2)F1(Xx—y)F1(x—=2)F1(z—y) (4a%)®

L, F2(X)Fo(Y)F2(2)F1(Xx—y)F1(x—=2)F1(z—y) (6da®—2a%)?P
Ls F1(X)F2(Y)F2(2)Fa(x—y)Fa(x—2)F1(z—y) (8da”—4a%)?P
L4 F2(X)Fa(Y)F2(2)Fa(x—y)Fa(x—=2)Fa1(z—y) (6d*a—2da’)®

Ls Fao(X)F2(Y)F2(2) Fa(x—y)Fa(Xx—2)Fa(z—Y) (4d3)°
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FIG. 1. The percolation threshoR}. as a function of the aspect
ratio for hard core squares with a soft shell, in dimension 2. The
line represents the theoretical calculation, obtained from the AF
algorithm, biased with a value of= 12 [24]. The circles are the
results of computer simulations.

FIG. 3. The percolation threshoBl, as a function of the aspect
atio for hard core hypercubes with a soft shell in dimension 4. The
ine represents the theoretical calculation, obtained from the AFC
algorithm, biased with a value of=1.44[24]. The circles are the
results of computer simulations.

trends are obvious, however, and there should be nothingusly mentioned trends. Interested researchers might want to
exceptional folD>5. Even though we did not perform simu- perform simulations to compare with these results.

lations for dimensions higher than 5, we could easily calcu- Turning now to the detailed comparison between theory

late the theoretical prediction fdd=6 (Fig. 5 andD=7  and simulations, we see that the results are quantitatively
(Fig. 6) which show the expected continuation of the previ-close to each other. Even in the worse case, in two dimen-

| P T T A U ST SO NS S S T N S 1 0
1
0 0.2 0.4 0.6 08 f 0 0.2 04 0.6 0.8 1

7 Ui

FIG. 2. The percolation threshoBl, as a function of the aspect FIG. 4. The percolation threshoBl, as a function of the aspect
ratio for hard core cubes with a soft shell, in dimension 3. The lineratio for hard core hypercubes with a soft shell in dimension 5. The
represents the theoretical calculation, obtained from the AFC algoline represents the theoretical calculation, obtained from the AFC
rithm, biased with a value ofy=1.74 [25]. The circles are the algorithm, biased with a value of=1.2 [24]. The circles are the
results of computer simulations. results of computer simulations.
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FIG. 5. The percolation threshoR}. as a function of the aspect
ratio for hard core hypercubes with a soft shell in dimension 6. Th
line represents the theoretical calculation, obtained from the AF
algorithm, biased with a value of=1.0[24].

0.4

n

0.6

0.8

lattice percolatiori24]. Use of this value to bias the theory
would yield a sensibly better fit to the simulations, with de-
viations under 5%. Since, however, the results of Okazaki
et al. contradict the accepted notions regarding the equality
of the critical exponents in continuum and lattice percolation,
we merely mention this in passing until the issue can be
resolved by further investigations. From now on we use the
accepted lattice values of the exponertb bias the theory.

In three dimensions, up tg=0.8, thegreatestdiscrep-
ancy between theory and “experiment” is only 4%, well
within the limits of the simulation error. Even gt=0.8, the
largest discrepancy we have, the deviation is only about 6%,
still within the simulation error(which increases slightly
with » because of the above mentioned problems in perform-
ing the simulations in the vicinity of=1).

This trend continues in dimension 4, where the discrep-
ancy between the theory and the simulations remains below
6% until =0.65, and in dimension 5. Note, however, that
as a general rule simulation errors increase with dimension-
ality due to the greater difficulty in performing the simula-
tions, and therefore comparison with the theory becomes
slightly more problematic. In particular, Bt=5 there seems
to be a systematic discrepancy with the theory which could

Jwell reflect some finite size scaling effects in the simulations.
dt is therefore quite possible that the theory is actually more

precise at this point than the simulations.
Considering that we use the series $only up to second

sions(Fig. 1), the difference between theory and simulationsorder, the guantitative agreement obtained is a remarkable

is at most 11%at »=0.5). The position of the minimum,
theoretically predicted to be=0.79, also agrees well with
the simulations. We would like to note as an aside that very
recently Okazaket al. [6] have performed new simulations

success for the theory.

VIl. DISCUSSION

of two-dimensional continuum percolation, and have ob- We have seen how the Potts fluid mapping allows us to

tained a valuey=1.94 instead of the higheg obtained in

0.4

n

0.6

0.8

derive a general expansion in powers of the density for the
mean cluster size and the pair connectedness. This expansion
can be used to calculate the percolation threshold by calcu-
lating the first terms in the series then using some extrapola-
tion method to find the radius of convergence of the series.
We have applied this scheme to interacting hypercubes in
dimensions ranging from 2 to 7, and we have shown that
even with merely three terms in the series we already obtain
very good quantitative results, within a few percent of the
results of the computer simulations.

Ours is not the first work to use density expansions of the
mean cluster size, obtained in one way or anotkeg., from
an analogy with lattice systenj26]), but we believe it is the
first one to derive quantitatively adequate results for interact-
ing systems. We believe this success stems from a simple but
fundamental reason.

When Coniglio, DeAngelis, and Forlaf8] obtained their
expansion ofS, they did not use it directly to calculate the
critical density. Instead, they turned for inspiration to the
theory of liquids and considered the integral equations for
the pair correlation which had proved successful there, pri-
marily the Percus-YevickPY) equation. Coniglio, DeAnge-
lis, and Forlani derived a percolative analog of this equation
by applying the CDF algorithm to its diagrammatic expan-

FIG. 6. The percolation threshok}, as a function of the aspect Sion. Some time later, De Simone, Stratt, and Demo{dia]
ratio for hard core hypercubes with a soft shell in dimension 7. Theapplied this equation to a system of extended spheres, the
line represents the theoretical calculation, obtained from the AFGpherical analog of the system investigated in the present

algorithm, biased with a value of=1.0[24].

work. The results were qualitatively correct but quantita-
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tively poor. Discrepancies between theory and simulation§he proper tools to describe the percolation transition are not
ranged from 40% to no less than 10%. Several researchetsose which describe high-density systems well, but rather
[11] extended this work to other interactions or shapes withthose which describe other phase transitions well.
always the same quantitatively inadequate results. We be- The present work proceeds clearly from this point of
lieve this failure holds a simplén hindsight, in fact, obvi- view. The underlying normal liquid plays no part in the de-
ous, but apparently underappreciated lesson. scription presented here. Nowhere does the funatj¢rn) or

The guiding principle behind the work of Coniglio, any of its parents appear. Instead, we have a mapping onto a
DeAngelis, and Forlani and their followers seems to havePotts fluid, from which we calculate all the relevant quanti-
been viewing continuum percolation as a high-density pheties. One important difference between this and the older
nomenon. This is very reasonable from a point of viewpoint of view is that the magnetic transition of the Potts fluid
which starts from the usual theory of fluids and then extractgan beidentified with the percolation transition, since the
the percolative quantities from their normal fluid analogs.two relevant order parameters are essentially the same.
The CDF algorithm is explicitly based on this point of view; Therefore we are forced from the outset to employ only
given, e.g., the direct correlation functiap(r) of the fluid,  methods which are useful for the description of the magnetic
the percolating part'(F) can be extracted from it by looking phase transition. Indeed, integral equations are not a natural
at a diagrammatic expansion. This means we need to knoyg) 1o use here since they will clearly fail in the description
ct(r) first. The percolation transition occurs at relatively of the Potts fluid. Instead, we rely on one of the best tried
high densities, so that the normal fluid is either a dense 9a§,ethods in critical phenomena, namely, an expansion valid
or a liquid. In this case, integral equations are the main too}, the disordered phas@igh temperature usually, low den-

for calculating the fluid's properties, and therefore an ad'sity in the present caseA low-density expansion makes no

Zglﬁgi starting point for obtaining the percolative proloertlessense from the point of view of percolation as a high-density

But such a point of view misses the most important aspeC;Pheqomenon. Indeed, we do not expect the actual valig of
of the percolation transition, namely, thatista phase tran- obtained from the truncated series to be even remotely good.

sition. Integral equations are known to describe the liquicBUt What we look for is a failure of convergence, the appear-
well only away from the liquid-gas critical point. As we ance of a singularity, and for this a truncated series can be
approach the transition, they fail. The quantitative failure ofSingularly well adapted, as shown repeatedly by countless
the percolative integral equations suggests that they suffdpvestigations of the Ising mod¢lL9] and, even more rel-
from an analogous defect. There is direct evidence for thigvantly, of percolation on a lattid@8]. More examples and
claim. Seaton and Glanf27] checked the mean cluster size applications can also be found in Rg29].
for a wide range of densities and compared the predictions of Itis precisely because the mapping onto a Potts fluid iden-
integral equations with the simulations. They found that thetifies one phase transitiofpercolation with another(mag-
integral equations are indeed very successful away from theetic that we can achieve a remarkalgjeantitativeagree-
critical density, but worsen steadily @as—p.. In short, the ment between theory and simulations. Clearly, the truncated
percolative integral equations behave with respect to the peseries expansion coupled with an extrapolation method to
colation transition exactly as their analogs in liquids behavdind the radius of convergence is at present the best available
with respect to the liquid transition. method to calculate theoretically the critical density in con-
Atfirst sight this seems puzzling. At , the normal liquid  tinuum percolation.
is usually away from its own critical point, andigtherefore
well described by integral equations. Now the procedure for

extracting the percolative part from these equations involves APPENDIX
no further approximationsWhy, then, do we obtain a rela-
tively bad approximation by extractingxactlythe percola- We consider some diagram in the expansion, e.g., the ex-

tive part from a verygood approximation?
This is precisely the heart of the matter, which is theample used in Sec. |l:l . On this diagram we define
trivial observation that the phase transition is entirely ruled
by thesingular part of the relevant functions. Integral equa- @ bond-percolation problem. We can now map the problem
tions tend to smooth out this singular part, as evidenced, fopnto a spin model by simply assigning to every vertexsan
example, by their systematic overestimation of the criticalspin, and assigning to every bond between the verticesl
density[10]. This does not matter for the description of the j a functione(i,j) defined as in Eq(3.1). We now proceed
liguid, because the singular part is small at these densitie$o show, just as in paper |, that the bond-percolation model
However, when we turn to the percolative analog, the entire€orresponds quantitatively to the spin model. The result is
physics we are after lies precisely in this overly smoothedagain a geometrical mapping according to which every per-
out singular part. colation configuration corresponds to several spin configura-
To understand a singular behavior, we must use method#ns, in each of which all the spins belonging to a single
adapted to singular functions. This is the simple but undereluster are parallel. Different clusters, however, have ran-
appreciated lesson from all the preceding. It requires us tdomly assigned spin values. The following derivation paral-
abandon the view of continuum percolation as primarily alels closely the one presented in paper | for the continuum
high-density process. The density at which the transitiorcase.
takes place is irrelevant for the choice of descriptive tools, Let the chosen diagram containvertices, and let us de-
since it only influences thanalytical part of the function. note
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This argument can be easily generalized to all pairs of

1ﬂ(1.2,---n)=a” !_[Sm é(i,]). (A1)  spins. Let us consider one of the sums into which the func-
bonds in’ tion =, I'(1,...n) has been decomposed a step before, and
the graph m

consider a pairr,n) such that the bon@(m,n) exists in

By convention, the two white circles are always labeled 1the chosen diagram. Two possibilities arise.
and 2. The value associated with the diagram in the spin (1) Previous constraints already determine that=\,
model is thereforeS, .. I'(1,...n), where we assume (for example, there could be sorpefor which \,=\,, and

that the spins of the two white circles; andX,, are fixed, An=Xp). Then,
and where we ignore the integration as in Sec. IV. The inte- T(1,...n)
gration can be restored at the very end of the proof without e
changing anything. For example, for the four-vertex graph{ Nm l #(i,j) - ¢(1,k)

mentioned above, we have crevious

F(1234=6(1,36(346(426(2D. (A2 ) S NG
’ N #(i,j) - ¢(1,k) p(m,n)
Let us now select two spins, say andA;, such that the { pre\{ioustl
bond ¢(i,j) exists in the graph. In the expression for consiram
I'(1,...n), let us separate all possible configuratidis,} e 2 ra,...n
into those where\;=\; and the rest. Then, (m.n) S )Lk g(mn)’
[ previoqs}
I"( 1,_ . ,n) constraint;
I'(1,...n)="1(i,] —_—
2 TA.m=fi) 2 =g (A6)
)\i:)\j
r,...n where we have used the fact that K,=\,, then
* (o m n»
+%(0.)) AEm a0 B g(mny=f(mn)+*(mn).
Ni#N (2) Previous constraints do not determine thai=\,,.

Then the situation is as it was for the paiirjj, and the sum
We can rewrite the sum over the spins whert \; as the  will split in the following way:
difference between the sum over the spins without con-

straints and the sum over the spins wher \;, so that r',...n)
yeeey constraint

> r@,..n=f\,j > —
o o D) i 5 T'(1,..n)

N - (m’”)kkm:._.] S0 (LK (m,)

Am=X\n
+E(0,j) > M (A4)
oy @(L]) ',...n)
+f*(mn) >, (A7)

where we used the relatiofi'(i,j)=f(i,j)—f*(i,j). The -y @0L0)- gLk g(mn)”

last sumzy, , on the right hand side is now performed over
all spin configurations without constraints. Let Us Nowwhere in the second term on the right hand side no new
choose another pair of spins, seyand X\ (if such a bond  constraint has been introduced.
eXiStQ. Repeating the prEViOUS procedure, we obtain that The geometrica| mappn’]g follows because in C@eev_
ery time a factorf T appears, we have a new constraint forc-

2 T(1,... )=, k) 2 I'(1,...n) ing the two spins to be parallel. On the other hand, in the
P B ') ' P &(i,)) (i, k) percolation model, such a factor implies that the two vertices
M:M:AJ are connected, and therefore belong to the same cluster.
I(L...n) When a factof* appears, no new constraint is added, so that
LG K D (— the two vertices can be assigned spins at random. In(@ase
Xm ] #(i,j) &(i,k) on the other hand, the two spins are already forced to be
A=A parallel by virtue of some previous constraints. According to
I'(1,..n) the foregoing argument, this means that they are both con-
+£*(i,)) (i ,k) 2 —k nected(at least indirectly to some other spin and therefore
| A1) (1K) that they already belong to the same cluster. In this case it
A=Ak :
does not matter anymore whether these vertices are also
o . r',..n) linked directly (a factorf™) or not (a factorf*). Hence, we
+f*(I,J)f*(|,k){;} DR see that vertices which belong to the same cluster in the

percolation picture must be assigned parallel spins while the
(A5) clusters themselves have randomly assigned spin values.
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When all pairs have been covered, the set of constraints of o 1 if i,j belong to the same cluster
a particular sum specifies exactly which particles belong to ~ Q(L.D)=1g9  ctherwise.
which clusters in the original bond-percolation model con- (A13)

figuration. Since the expression féh\ml“(l,...,n) contains

sums over all possible constraints, it can be rewritten as # we now denoteP,(1,2) the probability that the two white
sum over all possible clusterings of the original percolationcircles labeled 1 and 2 belong to the same cluster, then
configuration. Thus let us define

Pconn= I ') 1T f*mn). (A8) We shall now prove that
bglljlnd unl?cIJlun
pairs pairs 1
(i) (m,n) <Q(1,2)>p: |im<—l E P(Ny) lp()\z)> , (A15)
Then we can write that s-1\ST LT, .

where (\) equals §—1) if A\=1 and —1 otherwise[see

> Ir(L..n= > > P(conn, Eq. (1.3)].
Nm all possibl Am consisten s .
[connectiviq With the By using the fundamental relation EGA12), we have
states connectivity
state Ag) 1
( <ak§; 'ﬁ()\l)lﬂ()\z)>
where the sum over all spins is consistent with the connec- . s
tivity state in the sense of the geometrical mapping, i.e., that
all vertices within a single cluster must be assigned the same 2 E PY(N1) h(Ny)
spin. s—1 oy ai i, o
If we now assume that two vertices are connected with an (A16)

unnormalized probabilit§" and disconnected with an unnor-

malized probabilityf* (see Sec. I, we have the interpre- e now separate the average on the right hand side into two
tation thatP(Conn) is the unnormalized probablllty of find- arts: When}\l and )\2 be|ong to the same cluster and when

ing a specific percolation configuration of connected andhey do not. Then, from the definition of the percolation
disconnected vertices. Therefore, given a functionayerage, Eq(A10),

F(1,...n) defined in the percolation model, of the coordi-

nates of the vertices, we can define its “average” as
< > 2 (NP
{Nmiclh NN b
(F(1,...n)),= > P(connF(1,..n). (A10)
conn;
sttes = 3 Peom 3 S p0u0)0(12
nn
Similarly, we can have averages performed in the spin {sct%teL el
model, which will be denoted by );. Given a quantityG
defined in the spin model, we have + >, P(conn . E PN 1) p(Ny)
|states Dmeel
<G(1,>\1;...;n,>\n)>s={;} G(lel;...;n,)\n)i];[j é(i.]). xX[1-Q(1,2)]. (A17)
" (A11)

The first sum contributes only i;, A, belong to the same
Note that\; and X, are assumed fixed. EquatioA9) now  cluster, while the second contributes only if they belong to
imp“es that in generaL for any quanti@(l])\l;_”;n,)\n) Separate clusters. Because of the geometrical mapping,
defined in the spin model, we have that Pp(N1)=¢(Np) in the first sum. Also, in the sum over
{\m:cl}, every cluster other than the one containingand
N\, contributes a factos, the number of possible spin assign-
(G(LA13..in\p))s= {}\zcl} G(IAg;--iMAn) ) ments. The cluster containing andX\,, on the other hand,
m P contributes a factord—1)? if A\;=\,=1 and (1)? for the
(A12)  (s—1) other possible choices far,=\,. Therefore

whereE{Am;d} means a summation over all spin configura-

tions which are consistent with a given clustering in the > > y(\,)¥(X,)Q(1,2)
sense of the geometrical mappifig., such that all the spins {xm:cl} A1.A2
in a single cluster are paraljel

This fundamental relation allows us to relate to each other =s"1(s—1)%+(s—1)(—1)?]Q(1,2), (A18)
guantities in the percolation model and quantities in the spin
model. In particular, let us consider the functifi,j) de- whereK is the total number of clusters in the configuration.
fined in the percolation model as Hence,
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=
[;n; (Sc_og_m) {)\2 ) )\2}\ P(N ) (M) (1,2 > YA (0)R(0,0)=(s—1)’R(a=1a=1)+(s—1)
state m i€y 102 7

X(—1)°R(o=a,0=a), (A24)
= > P(conns<I(s—1+1)Q(1,2

{g{;’t‘g; wherea is some arbitrary value of the spin different from 1.
K The factor 6—1) in the last term on the right hand side
=(s"Q (N1, \2))p. (A19) represents the possible choices of this spifil. As a result,
The second term on the right hand side of E417)
contributes only if\;, N\, belong to different clusters. The I|m = E #(o)R(o,0) = limR(a,a), (A25)
cluster containing\; contributes a factorq—1) if A\;=1, 151 sl

and a factor 1) in all the other §—1) cases. The same

holds for the cluster containing,. The K—2 remaining \wherea# 1, but is otherwise arbitrary.
clusters each contribute a factrSince the values of; and Similarly,

\, are assigned independently of each other, we have that

E YN P(N)[1-Q(1,2)] Uzg P(o)P(§)R(0,&)=(s— 1)2[R(1,a)+R(01,1)]
{Nmiclh XA
— (s 1)+ (s~ 1)(~ 1) 1-Q(1,2]=0. *(s=D(s=2)R(a.n),
(A20) (A26)
Combining Eqs(A19) and (A20), we see that wherea# 7 are arbitrary values of the spin which are both

different from 1. As a result,

"m<s 1, Z z/x(M)tﬂ(Az)> =(Q(1,2),. (A21)
o1 s lim —— Z W)W OR(0,&)=—lmR(a, 7). (A27)

, s-157 s—1
Now, separating the case;=\,=o0 from the case\,

=0#X;=¢§ we have that Combining Eqs(A25) and (A27) we have that

<2 w<xl>¢<xz>> Zw )R(0, ) < > _

SB S lim { =7 E y(A)P(N\,) ) =lim[R(a,a)—R(a,7)],
s—1 s s—1

+ 3 U UOR(.E), (A22) (A28)

where a,7#1 and a# 7. Comparing with Egs.(Al4),

where (A21), and(A23), we finally obtain that
R(N{,N\o)= (N1, Ao,N3,...,0), A23 .
(M1d9= 2 TOhaidada.),  (A29 P°'(1’2):lfl[x3§xn T(a,aNz,-. . \n)
in which we have written explicitly the spin variables in the
functionI'(1,2,...n) for clarity. It is important to see that — > T(a,p Nz, ) | (A29)
because of the summation oves,....\,, R(A1,\5) is in- Ag,ohn

dependent of the specific value »f and\,, and depends
only on whether they are equal. Because of this, we nowror the specific example of the four-vertex graph mentioned
have that at the beginning of this section, for example, this means that

... )
Pa(1,2) = CDF | & & |=lim I:I "m . (A30)
a a a9

This clearly holds for all the diagrams in the CDF expansion. If we restore the integration on the black circles, we find that
this proves the equivalence, diagram by diagram, of the CDF algorithm and the expansion we derived in the present paper.
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